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Abstract. We construct quantization functors of quasi-Lie bialgebras. We establish a bi- 
jection between this set of quantization functors, modulo equivalence and twist equivalence, 
and the set of quantization functors of Lie bialgebras, modulo equivalence. This is based on 
the acyclicity of the kernel of the natural morphism from the universal deformation complex 
of quasi-Lie bialgebras to that of Lie bialgebras. The proof of this acyclicity consists in sev- 
eral steps, ending up in the acyclicity of a complex related to free Lie algebras, namely, the 
universal version of the Lie algebra cohomology complex of a Lie algebra in its enveloping 
algebra, viewed as the left regular module. Using the same arguments, we also prove the 
^ ■ compatibility of quantization functors of quasi-Lie bialgebras with twists, which allows us to 

'^l,( ' recover our earlier results on compatibility of quantization functors with twists in the case 

r V ^ of Lie bialgebras. 

^' 

2 ' Let k be a field of characteristic 0. Unless specified otherwise, "Lie algebra", "vector space" 

etc., nieans "Lie algebra over k", etc. 



1. Introduction and main results 
The main result of this paper is the construction of quantization functors for quasi-Lie 



> 

■^ ', bialgebras. This problem was posed in [Dr4], Section 5; let us recall its formulation ([Dr2]). A 

l^ ■ quasi-bialgebra is a 6-uple {A, m, A, $, e, 77), where {A, m, rf) is an algebra with unit, A : A ^ 

A®"^ is an algebra morphism with counit e, and $ G A'®^ satisfies the identity (id(X)A)(A(a)) = 
^) • $(A (g) id)(A(a))$~^ and the pentagon identity. Examples of quasi-bialgebras are Aq = C/(a), 

00 ! where a is a Lie algebra, equipped with its bialgebra structure and <I> = 1. A deformation of 

^^ ■ Aq in the category of topologically free k[[fi,]]-modules (i.e., a QUE quasi-bialgebra) gives rise 

to a quasi-Lie bialgebra (a, /i, J, </?), the classical limit of A. A quantization functor of quasi- 
. J ■ Lie bialgebras is a section of the classical limit functor {QUE quasi-bialgebras} — > {quasi-Lie 

r> \ bialgebras}. The paper [Dr2] contains examples of quasi-Lie bialgebras, whose quantization is 

j^ ' not explicitly known (e.g., the quasi-Lie bialgebras from p. 1437, in the non-split case). 

As in the case of Lie bialgebras, the problem of construction of quantization functors of 
quasi-Lie bialgebras can be rephrased in the language of props ([McL]). In Section 2, we 
introduce a complete prop QLBA of quasi-Lie bialgebras and define the notion of a quantized 
symmetric quasi-bialgebra (QSQB) in QLBA. A QSQB in QLBA (which we will also call a 
universal quantization functor of quasi-Lie bialgebras) then gives rise to a quantization functor 
as above (it also allows to construct quantizations of quasi-Lie bialgebras in symmetric monoidal 
categories, more general than that of vector spaces, like super-vector spaces, d.g. vector spaces, 
etc.). We introduce the notions of equivalence and twist equivalence on the set of QSQB's in 
QLBA. We similarly introduce the notion of a QSB (quantized symmetric bialgebra) in the 
prop LB A of Lie bialgebras, which is the same as the universal quantization functors from 
[EK2]; there is a notion of equivalence for these QSB's. Our main result is (Theorem 2.1): 

Theorem 1.1. The map {universal quantization functors o J quasi-Lie bialgebras} / {equivalence, 
twist equivalence) — > {universal quantization functors of Lie bialgebras} / (equivalence) is a bi- 
jection. 

1 
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Together with the resuhs of [EKl, EK2], where is constructed a map {associators over 
k} -^ {universal quantization functors of Lie bialgebras}, and of [Dr3] on the existence of 
associators over k, this resuh imphes the existence of universal quantization functors for quasi- 
Lie bialgebras. 

Let us explain the idea of the proof of Theorem 1.1. According to deformation theory, there 
are complexes Cqlba and Clba, equipped with gradings, whose second and first cohomology 
groups respectively contain the obstruction to lifting a quantization from degree n to degree 
n + 1, and parametrize such liftings. This viewpoint in not used in the quantization of Lie 
bialgebras, since the groups Hl^^j^ are not known. (In the same way, it is not known how to 
construct associators using deformation theory, see Remark 2, p. 854 in [Dr3].) However, this 
viewpoint can be used in our context. Namely, we will prove: 

Theorem 1.2. The canonical map Hqt^x ^ -^lba *'^ '^^ isomorphism, for any i > 0. 

This immediately implies our main result (see Section 2.5). 

Let us give some details of the proof of Theorem 1.2. Our aim is to prove that the relative 
complex Ker(CQLBA — * Clba) is acyclic. We introduce a filtration of the prop QLBA by the 
powers of an ideal (cp). Our first main result result is Theorem 3.1, which gives an isomorphism 
gr QLBA ~ LBAq, of the associated graded prop with an explicitly presented prop. For this, 
one constructs a morphism LBA^ -^ gr QLBA, which is clearly surjective (here LBAq is an 
explicitly presented prop); to prove its injectivity, we use the existence of "many" quasi-Lie 
bialgebras, namely, the classical twists of Lie bialgebras of the form F{c) (where c is a Lie 
coalgebra) by an element r G A^(c) (in the same way, the existence of the Lie bialgebras F(c) 
is the argument underlying the structure theorem for the prop LBA, see [E, Pos]). 

The associated graded (for the filtration of QLBA) of the relative complex is then the positive 
degree part of the complex Clba„ • To prove that it is acyclic, we prove that its lines are. 
These lines are of the form -^ LBAk(1,A«) -^ LBA«(id,A«) -^ LBAk(a2,A«) -^ ..., where 
LBAK(X,y) = Coker(LBA(i:' ® X,Y) -^ LBA(C ® X,Y)) and the map corresponds to k S 
LCA(C, D). Here C, D are sums of Schur functors of positive degree, and the differential is the 
universal version of the differential of Lie algebra cohomology. 

The proof of the acyclicity of this complex (Theorem 2.2, proof in Section 4) involves several 
reductions. We first show that in this complex, the spaces of cochains may be modified as fol- 
lows: LBAk(AJ', A'J) is replaced by LBAz(AP, A'') == LBA(Z(X) A^, A''), where Z is an irreducible 
Schur functor, and the space of cochains is reduced to the sum of its components, where the 
"intermediate Schur functor between Z and A''" is Z (this notion is based on the structure 
theorem of LBA, see Proposition 3.1; we say that the intermediate Schur functor between Xi 
and Yj in the summand appearing in the r.h.s. of (1) is Zij). We next introduce a filtration on 
the complex, viewing A'' as a subobject of id^ and counting the number of intermediate Schur 
functor between the p factors id and A"* which equal id. We identify the associated graded com- 
plex with a subcomplex of -> LBA(Z8)l(8)id®P",A9) -^ ... -^ h^K{Z®^p' ®id®P" , ^1) -^ ..., 
where the differential involves Lie brackets between the components of id®^ D A^ and of these 
components with Z, formed by the sums of components, where the intermediate Schur functor 
between a component id of id®'' (resp., of id®'' ) and A"^ is id (resp., has degree > 1) and 
antisymmetric w.r.t. &p". This subcomplex decomposes according to the intermediate Schur 
functors between the factors of id®'' and A"^, and these subcomplexes are obtained from the 
complexes C|„ = (0 ^ LA(Z (g>l(g> {®dz'^), A"?) ^ ... ^ LA(Z ® A^' ® (®Li^,"), A"^) ^ ...) 
with the same differentials (the Zf are irreducible Schur functors of degree > 1) by taking tensor 
products with vector spaces LCA(id, Z") and taking antiinvariants under &pii. We therefore 
have to show the acyclicity of the complexes C* „ . 
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For this, we show that A« may be replaced by id®«, Z by id®'', and {®iL\Z'l) by id®^, and 
express the corresponding complex as a sum of tensor products of complexes, which reduces the 
problem to a complex ^ LA(id®'=(8)l(g)id®^, id) -^ ... -^ LA(id®^(8)AP'®id®^, id) -^ .... The 
spaces of chains are now spaces of multilinear Lie polynomials. Using Dynkin's correspondence 
between free Lie and free associative polynomials, we identify the complex with a complex 
J^^ ^ -Y, defined in terms of associative polynomials, which we decompose as a direct sum ®aJ^„ 
of subcomplcxes, indexed by permutations. We next identify each summand ^* with a tensor 
product of "elementary" complexes. These complexes E\ ^i (e,e' £ {0,1}) are 1-dimensional in 
each degree, and are universal versions of the complexes computing the Lie algebra cohomology 
of a Lie algebra g in [/(fl), equipped with one of its trivial, adjoint, left or right g-module 
structures. We show that two of these complexes are acyclic, using the PBW filtration of free 
associative algebras (when g is a finite dimensional Lie algebra, the corresponding complexes 
have 1-dimensional cohomology, concentrated in degree dim g) . k& S*-^ necessarily enters the 
tensor product decomposition of each subcomplex ^* , each of the ^* is acyclic, which implies 
that -4' ^ ]^ is acyclic. 

In the final section of the paper, we apply Theorem 2.2 for proving that quantization func- 
tors of quasi-Lie bialgebras are compatible with twists (Proposition 5.1). This allows us to 
generalize our earlier results ([EH]) on compatibility of quantization functors of Lie bialgebras 
with twists, sec Proposition 5.2 (in [EH], this result was established for Etingof-Kazhdan quan- 
tization functors, while Proposition 5.2 applies to any quantization functor of Lie bialgebras). 

2. Quantization of (quasi)Lie bialgebras 

In this section, we recall the general formalism of props and its relation with the quantization 
problems of (quasi)Lie bialgebras. In particular, we show that this formalism allows to recover 
biquantization results of [KT]. We also formulate our main result (Theorem 2.1) and explain 
the strategy of its proof. 

2.1. Props. Recall the definitions of the Schur categories Sch and Sch ([EH]). These are 
braided symmetric tensor categories, defined as follows. The objects of Sch are Schur functors, 
i.e., finitely supported families X — {Xp)p of finite dimensional vector spaces, where p G 
U„>o6„ (yO is therefore a pair (n, TTp), where n > and TTp is an irreducible representation of 6„; 
n is called the degree of p; by convention, &q is the trivial group). The set of morphisms from X 
to Y is^ Sch(X, Y) := ©p Vect(Xp, Yp). The direct sum of objects is X(BY = {Xp(BYp)^^^^_^^^g^. 

Their tensor product is X ig) Y — {®p',p"Mp, „ ® Xpi ® Ypii)p, where for p G 6„, p' G 6„', 

p" G &n", then M^, ,, — [np : Indg"^ ^g ^^ (TTp' (g) TTp")] ii n ~ n' + n" and otherwise. Sch is 
defined similarly, dropping the condition that X is finitely supported. 

An object X of Sch or Sch is called homogeneous of degree n iff Xp = if the degree of p is 
y^ n. li X is homogeneous, we denote by \X\ its degree. 

We have a bijection Irr(Sch) ~ U„>o6n, where Irr(Sch) is the set of equivalence classes of 
irreductible objects in Sch. The unit object of Sch is 1, which corresponds to the element of 
Sq. We also define id,5'P,AP as the objects corresponding to: the element of 6i, the trivial 
and the signature character of &p. We set Tp := id*®^ and S := (Bp>oSP G Ob(Sch). 

Recall that a prop (resp., a Sch-prop) is an additive symmetric monoidal category C, 
equipped with a tensor functor Sch -^ C (resp., Sch —> C), which is the identity on objects. 

A prop morphism C ^ P is a tensor functor, such that the functors Sch -^ C ^ V and 
Sch -^ T> coincide. An ideal / of the prop C is an assignment {X,Y) h^ I{X,Y), such that 



For U, V finite dimensional vector spaces, Vect((7, V) is the set of morphisms (/ — > V. 
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{X,Y) 1-^ C/I{X,Y) is a monoidal category. C/I is then the quotient prop. If /„ G C{Xa,Ya) 
are morphisms in C, then the ideal (/„) is the smallest ideal / in C such that /„ G I{Xa, Y^). 

Props may be presented by generators and relations. If V_ = {Vn^m)n.m>o is a collection 
of vector spaces, there is a unique prop Free(y.), such that for any prop C, we have a bi- 
jection Hn m ^^'^^(^"."''^(^n'^™)) — Pi'op(Free(]£),C) (where Prop denotes the set of prop 
morphisms). If i? = {Rn.m)n.m>a is a collection of subspaces of the Free(j^)(r„, Tm), then the 
ideal generated by V_ with relations R is the quotient prop Frce{V_) / (R) . 

We say that C is a topological prop if for any X,Y ^ Ob(Sch) we have a filtration C{X, Y) = 
C-'^{X,Y) D C-^{X,Y) D ..., complete and separated, and compatible with the prop opera- 
tions; and a C{X, Y) ~ C>"(I-''^M"^I)(X, Y) for any homogeneous X, Y, where v{x,y) -^ oo when 
X -^ oo, y being fixed, or y ^ cxd, x being fixed. Such a C gives rise to a Sch-prop C, given by 
C{X,Y) ~ (BijC{Xi,Yj), where X = (BiXi, Y — (BjYj are the homogeneous decompositions of 
X,Y E Ob(Sch) (© is the direct product); C is then equipped with a complete and separated 
filtration, compatible with the prop operations. 

2.2. Quantization functors of Lie bialgebras. If C is a topological prop, the associated 
graded prop is gr(C) with gr{C){X,Y) := ®i>oC^'/C^'+HX,Y) for X,Y e Ob(Sch). We 
denote by gr(C) its degree completion. 

A quantized symmetric bialgebra (QSB) in C is a bialgebra structure on S in C, i.e., morphisms 
TOc € C(S'®2, S), Ac G C{S, 5^2), ec € C{S, 1), ric G C(l, S), satisfying the bialgebra relations, 
and whose reductions mod C-^ coincide with the standard (commutative, cocommutative) 
bialgebra structure on 5*, induced by the morphism Sch -^ C. 

A QSB in C gives rise to a Lie bialgebra structure^ on id in gr(C), with morphisms of degree 1 
(its classical limit), as follows: one shows that there exist unique morphisms fic G gr^(C)(A^, id) 
and 5c & gr^(C)(id, A^), such that (toc o Alt2 oinjf^ mod C-^) = inji o nc and (Alt2 oAcoinji 
mod C-^) = injf^ o 5c (here Alt2 : S"*^ — > S"^^ is the antisymmetrization (without factor 
1/2), we identify C(AP, A'') with a subspace of C(id'^^, id®'') and inji : id ^ 5* is the canonical 
morphism); (/ic, 5c) then obey the Lie bialgebra relations. We say that the QSB {mc, Ac, eciVc) 
is a quantization of {p,c, 5c). 

Let C{S, S)i be the preimage of id5 under C{S, S) -^ C/C-^{S, S); this is a group under com- 
position. This group acts on the set of QSB's by ic * {mc, Ac, ecVc) '■= (*C otic o {ic'^)~^ , if'^ ° 
Ac o ic ,^c°'ic 7*c ° '7c)- Two QSB's related by this group action are called equivalent. 
Equivalent QSB's have the same classical limit. 

Recall that LBA is the prop with generators /i G LBA(A^, id), 5 G LBA(id, A^) and relations 

^ o (,(i (g) idid) o Alts — 0, Alts o{5 ® idid) o 5 = 0, 5 o fi — Alt2 o(^ ® idid) o (idid ®5) o Alt2 

(recall that /i, 5 are identified with morphisms in LBA(id'^^, id) and LBA(id, id®^)). Then id 
is a Lie bialgebra in LBA, and it is an initial object in the category of props equipped with a 
Lie bialgebra structure on id. 

LBA is graded by N^, with ii,5 of degrees (1,0), (0,1); we denote by (deg , deg^) this 
grading; LBA is then N-graded by the total degree deg„ + degg. If a; G LBA(Ar, Y) and X, Y, x 
are homogeneous, then deg^(a;) - deg5(a;) = \X\ - \Y\, so LBA{X,Y) = LBA-^^^^-^^^\x,Y). 
So the total degree completion of LBA is a topological prop, with associated graded LBA. We 
denote by LBA the corresponding Sch-prop. 



If A* is a symmetric monoidal category and X is an object of X, recall that a Lie bialgebra (resp., algebra, 
Lie algebra, bialgebra...) structure on X is a pair of morphisms fix S X{X^'^, X) and Sx G A'(X, X®^) (resp., 
mx S X{X^^ ,X), etc.), satisfying the axioms of Lie bialgebra (resp., algebra, etc.). 
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We then define a quantization functor of Lie bialgebras as a QSB in LB A quantizing {p.,S). 
Two quantization functors are equivalent if they are equivalent as QSB's. Quantization functors 
of Lie bialgebras were constructed in [EKl, EK2]. 

If now C is a topological prop and {^Ci^c) is a Lie bialgebra structure on id in C, where 
the structure morphisms have positive valuation, then a quantization functor gives rise to a 
QSB in C, quantizing (/ic mod C-^, 5c mod C-^); the structure morphisms of this QSB are the 
images of the morphisms of the QSB in LBA under the prop morphism LBA -^ C taking ji, 5 
to ^ic.Sc- 

Remark 1. (QUE-QFSH equivalence) If y is a vector space and X,Y E Ob(Sch), we set 
C^{X,Y) := Ycct{X(V),Y{V)); this defines a prop. By extension of scalars, it gives rise to 
props C};'[[h]], CXiih)), with CXiih)){X,Y) := C^(X, r)((fi)), etc. We define two gradings on 
C^my- ioTX,Y homogeneous, degQUEiCXiX,Y)h') - \X\-\Y\+i a.nddegQpsHiCXiX,Y)h^) 
\Y\ - \X\ + i. We then define C^,je, C^fsh by C^uEi^^ ^) — the part of C^{X, Y){{h)) with 
QUE-degree > \\X\ ^ \Y\\ and C^^psAX^^) — the part of C^{X,Y){{h)) of QFSH-degree 
> \\X\ — |F||, for X,Y homogeneous; these are topological props. Explicitly, Cqijp{X,Y) — 
nmax(\Y\-\x\fi)^v ^X,Y)[[h]] and C^^s^(X,y) = ft™'^^(l^l-l^l'0)C^(X,y)[[;i]]. Then a QSB in 

Cqjjp (resp., Cqpsh) gives rise to a QUE deforming U{V) (resp., a QFSH deforming SiV)), 
where in both cases V is equipped with a Lie bialgebra structure. The prop automorphism 
of C^((?i)) given by C^{X,Y)l{h)) -> C^ {X,Y){{h)), x ^ h^^^'^^^x for X,Y homogeneous, 
restricts to a prop isomorphism Cqjjp ~ ^qfsh ' which is compatible with the correspondence 
between QUE and QFSH algebras ([Drl, Gav]); namely, we have a commuting diagram 

{QSB's in C}^ue} ^ (QUE algebras} 

{QSB's in C^fsh} ^ {QFSH algebras} 

Remark 2. (Biquantization) Let ^o := k[[uw]] (S)y:[uv] k[u, w] C k[[u, w]]; this is the subring 
of k[[u, w]] of series a{u,v) — "^i jy^iijU^v^ such that for some Na, the support of (fly) is 
contained in {(z, j)||z — j\ < Na}- We have ^o — k[[uv]][u] ® wk[[uw]][w] as vector spaces. We 
have ring morphisms ^o ~^ k[[M]] and ^o ^ k[[i;]] obtained by setting w = 1, resp., u = 1. 

C^ gives rise to the prop C(5:'[[u, w]], where C^[[u,v]]{X,Y) := C^{X,Y)[[u,v]] and to the 
subprop C^^{X,Y) := C^ (X,Y)[[uv]] 0k[™] k[M,w] = {J2^j a^ju''v^ for some Na,supp{aij) C 
{(i, j)||i - j\ < Na}} (this is Cq{X,Y) ^Si Aq ii V is finite dimensional). C"^^ is graded by: 
deg j^rp := deg^ — deg„+|X| — |F|. We denote by C^j. the degree zero part of C^^ for this 
degree; this is a prop. Explicitly, we have C]^j.{X,Y) = u\^\-\^\cX{X,Y)[[uv]] if \X\ > \Y\ 
and C^j,{X,Y) = v^^^-^^^C^ {X,Y)[[uv]] if \X\ < \Y\. CX[[u,v]] is also graded by the total 
degree deg„ + deg^: this induces a filtration on C]^j-, which is topological as C]^rp(X,Y) = 

{cyp)^\m-\^Hx,Y). 

A QSB in the prop C^^p then gives rise to a biquantization of a Lie bialgebra structure on 
V, in the sense of [KT]. 

Setting V = I (resp., u ~ 1), we get a prop morphisms C_^ -^ Cq[[u]] (resp., C_^ -^ Cq[[v]]), 
which restrict to prop morphisms C)^y -^ ^qfsh (resp., C)^y -^ ^oue)> where in the target 
props h is replaced by u (resp., by v). The diagram of props 

/ '-'QUE 

'"KT J-- 

N '-QFSH 

commutes. It follows that the corresponding diagram between sets of QSB's in all three props 
commutes, so a biquantization of V arising from a QSB in C^rp gives rise to QUE and QFSH 



6 BENJAMIN ENRIQUEZ AND GILLES HALBOUT 

algebras, which correspond to each other under the category equivalence between QUE and 
QFSH algebras. 

If now {V, fxy , Sy) is a Lie bialgebra, (u/xy,U(5v') defines a Lie bialgebra structure on id in 
gi{C]^rp) = C]^T' where the morphisms have positive valuation (in fact, total degree 1). A 
quantization functor of Lie bialgebras then gives rise to a QSB in C^rp, i.e., a biquantization 
of (y,/iv,(5v) in the sense of [KT]. We recover in this way Theorem 2.3 of [KT] (where a 
biquantization was constructed using the Etingof-Kazhdan construction). 

2.3. Quantization functors of quasi-Lie bialgebras. Let again C be a topological prop. 
A quantized symmetric quasi-bialgebra (QSQB) in C is a quasi-bialgebra structure on S in C, 
whose reduction mod C-^ coincides with the standard bialgebra structure on 5*, induced by the 
morphism Sch -^ S. Explicitly, this is the data of morphisms {mcAc^Ci^CjVc) (we often 
drop ecTjc) in the same spaces as above, with $c G C(1,S"^^), satisfying the quasi-bialgebra 
axioms 

mc o (mc ® ids) = fnc o (id^ i^mc), Ac o mc — mf^ 0/^20 A^"^, 
[(idc OAc) o Ac] *<^c^^c* [(Ac idc) o Ac], 
ivc O ^c) * [(ids «)Ac (g> ids) ° $c] * ($c ® Vc) = [(idf ^ ®Ac) o $c] * [(Ac ® idf ^) o $c], 
(ids (8)ec«)ids)o^c = Vc^, (ec(8)ids)oAc = (ids <E)ec)oAc = mco(77c(g)ids) = mco(ids (8)?7s) = ids, 
(we use the associativity of mc to define an associative operation * : C{X, S^'^) (E) C{Y, S"^*^) ^■ 
C(X(8)y, 5"^'^) hy x*y = mf'^oPf^o^x'^y), where /3fc is the categorical version of a;i(8)a:2(8i...<E'yfe 1-^ 
xi^yi^...^Xk<S)yk', the isomorphisms 1(S)X:^X:^X^1 for X = 1, id are implied); and the 
same reduction conditions as above, together with ($c mod C-^) ~ inj^^, where injo : 1 ^ S 
is the canonical morphism (note that this condition implies that (f>c is invertible for the product 

* on 0(1,3'^^)). 

Let Cil,S'^^)i C C(1,S'^2) be the set of Fc such that {Fc mod C^^) = injf^ and (ec ^ 
ids) ° Fc = (ids ®ec) ° Fc = rjc- Let {mc, ■■■) be a QSQB in C; when equipped with the product 

* induced by mc C(l,S"*^)i is a group. This group acts on the set of all QSQB's in C with 
fixed mc by Fc * (mc, Ac, ec^/C, $c) = [mcFc * Ac * Fc^,ec,ric, [(?7c (E> Fc) * ((ids(8)Ac) o 
Fc)] * (f>c * [{Fc ® r]c) * {{Ac (S> ids) ° Fc)]^^). Two QSQB's related in this way are called twist 
equivalent. 

The group C{S,S)i acts on the set of QSQB's in C by ic * (mc,...,<&c) := (^c ° itt-c ° 
(ic^)**^, ■■■,ic^ o $c)- Two QSQB's related by this group action are called equivalent. 
As in [Dr2], one proves: 

Proposition 2.1. 1) For any QSQB (?nc, Ac,$c) *'^ C, there exists {p,c , Sc , y^c) , where fic G 
gri(A2,id), Sc G gri(C)(id, A^), ipc G gri(C)(l, A^), such that: (mc o Alt2 oinjf ^ mod C^'^) = 
inji o ^c, (Alt2 oAc o inji mod C-^) = injf^ o Sc, (Aha °^c mod C-^) = injf^ o ipc- The 
triple {fic,5c,^c) equips the object id with a quasi-Lie bialgebra structure in gr(C), where the 
morphisms have degree 1. We call it the classical limit 0/ (m-c , Ac , <&c ) • 
2) Equivalent and twist equivalent QSQB's have the same classical limit. 

Proof. Let {mc, Ac^c) in C. Let jlc '■= {mc o Alt2oinjf mod C-^); we have fic G 
gr^(C)(A^, 5). Composing Ac o {mc o Alt2) — [{mc o Alt2) (E) mc + {mc o /3) (g) {mc o Alt2)] o 
P23 ° (Ac (8) Ac) with injf , and Ac o inji = inji (^ injo + 'injo ® inji mod C-^, we get 
As ° i^c — K ® injo + injo ® i^C , which implies the existence of ^c (here As : S — > S®"^ is the 
image in gr'^(C) of the coproduct morphism of 5* G Ob(Sch)). 

We next prove that if .t e C^'^(X, 5®") and * € C(l, S®^) is such that (* mod C^^) = injf", 
then**a;**-i = x mod C2^'=+2. Indeed, **a;**-i = [(^-ryf ")*a;-a;* (*-ry®")] **-i; 
the result then follows from * - ryf " G C^^{X, S'»") and mc - mc o /3 G C^i(S'®2, S*). 
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It follows that (ids(^Ac) o Ac = (Ac O ids) o Ac mod C^^. Let /332i;S'^^ ^ S®^ be the 
analogue of a; i (8) a; 2 (X) 2:3 -^ 2:3 (g) 2:2 (8 a; 1. As (Ac (81 id^) o Ac — /3321 o (iss ®Ac) o Ac = 
[(Ac - /? o Ac) ® ids] o Ac + [(/3 o Ac) ids] o [Ac - /5 o Ac], we get [(Ac - /3 o Ac) 8) 
ids - ids ^(Ac - /3 o Ac)] o Ac = [ids ®iP ° Ac) - (/? o Ac) ® ids] o [Ac - /3 o Ac] mod C^"^. 
Let ^c := (Alt2 oAc o mji mod C-^); we have Sc € gr^(id, S*®^). Composing this with inji, 
we get 6c (S) injo — injo (^ Sc + (Aq (8) ids — ids ^Aq) oSc = 0. The degree n cohomology group 
of the co-Hochschild (or Cartier) complex ... ^ gri(C)(X, S*®") ^ gri(C)(X, 5*®"+!) ^ ... is 
gr-'^(C)(X, A"), and the map taking a coboundary to its cohomology class is (1/?^!) Alt„. As Sc 
is a coboundary and is antisymmetric, it coincides with its cohomology class, so there exists 
the announced Sc- 

The pentagon equation implies that ($c — Vc mod C-'^) G gr^(l,S'®'^) is a co-Hochschild 
coboundary. It follows that its image by Alt3 coincides with its cohomology class, which implies 
the existence of ipc ■ 

Before showing that the classical limit {fiCjScipc) of (ttic , Ac , <&c ) satisfies the quasi-Lie 
bialgebra relations, let us show that it is invariant under twist equivalence. Let Fc G C{S, S)i, 
let (mc,Ac,$c) '■— Fc -k (jtic, Ac,$c) ^nd (flc,Sc,<fc) be its classical limit. As irhc — mc, 
fic = He- We have Ac - /3 o Ac == Fc * Ac * F-'^ - (/? o Fc) * (/? o Ac) * (/3 o F-'^) ^ 
Fc*{Ac''fioAc)*F^^+Fc*[{f3oAc)*iFc^*{PoFc))-iFc^*{f}oFc))*{(3oAc)]*iPoF^^); 
it follows that Ac - /? o Ac = Ac - (3 o Ac mod C-^, so Sc = Sc- Finally, ($c - vf^ mod 
C>2) = ($^ _ ^®3 ^qJ ^~>2) _^_ ^(^p^ _ ^®2 ^qJ ^>2-^^ ^j^^^^ ^ jg ^^^ co-Hochschild diflFcrential, 
which implies that (pc — ^c- 

We have (nic o Alt2) o [{mc o Alt2) (8 ids] ° Alt3 = (equality in C-^); composing with inji 
and taking the class modulo C-^, we get ^c ° (/^c ® idid) o Alt3 = 0. 

We have [Alt2 oAc]o[TOcoAlt2] = [TO^^^-m^^^o/?s®2]o[(Alt2 oAc)(8Ac-h(/3oAc)(8(Alt2 oAc)], 
where to[,^^ : S'®^ (g, S'»^ -^ S'®^ jg (^^ (8 toc) o /32 and /3s»2 : 5'®^ ® S'®2 ^ 5.^2 ^ 5-82 jg ^j^g 
braiding; this equality takes place in C-^ . Composing with injf and taking the class modulo 
C-^, we get Sc o fic ^ Alt2 o(^c (X" idid) o (idid 8i(5c) o Alt2. 

We have (ids «)Ac - Ac (8 ids) o Ac = [m'^c^ -m^ oPg^ss] o {($c - vf^) 8> [(Ac (8 ids) o Ac]}; 
also Alt3 o(ids 'SiAc - Ac 81 ids) o Ac = -5 Alt3 o[(Alt2 oAc) 8) ids] ° [Alt2 oAc]; so (equality 



^c ' 



/3s»3 commute with the action of 63, we get — ^ Alt3 o[(Alt2 oAc) 8) ids] 



[Alt2 oAc] = [mP - m^^^ o Psm] o {[Alt3 o($c - Vc^)] 8) [(Ac 8) ids) ° Ac]}; this equality holds 
in C-^; taking its class modulo C-^ and composing with inji, we get Alt3 o[Sc 8) idid) o (5c — 
Alt3 o(^ 8) idid»3) o (idid (8(/3c)- 

Using the co-Hochschild complex, one may find a twist Fc with Fc*:{mc, Ac, $c) = ("^c, Ac, $c) 
where (l>c - nT ^^^ l^^^) = *^J'f^ ° "^^c- Let <^c := *c - J?!^- Set i^^'^^"' := rjc ® ^c, 
(p^ ' := (id® 8) Ac) o (^c, etc. Then the pentagon equation yields (^^' ' + (p^ '' ' — (p^ ' — 

-1,23,4 -1,2,3 -2,3,4 -1,23,4 , -2,3.4 -1.2,3 , -1,23,4 -1,2,3 -1,2,34 -12,3,4 , -1,2,3 

^c -Vc = "Pc "y^c + "Pc '^^c + "Pc *^c - "Pc *Vc + "Pc * 
ip^ ' * (pf^ ' . As </?c <= C-"'^(l, A'^), we have (^^ ' ' = ip^ ' + ip^.' ' mod C-^. It follows that 

-1.2,34 -1.23.4 , -12.3,4 -1,2.3 -2,3.4 -2,3.4 -1,3.4 -1,2.4 -1.3,4 , -1,2.4 -1.2,3 i /i>3 

Pc -Pc ' +^c ' -Pc ' -Pc ; ^Pc *Pc ' -Pc ' *Pc +y^c ' *Pc mode-''. 
The r.h.s. of this equality belongs to C-^, and because of the form of {(pc mod C-^), so does its 
l.h.s. Compose both sides of this equality with Alt4 . As (^^' ' — —cpf^' ' modC-^, (^^' ' *(^c' ' 
is symmetric in indices 3,4 modulo C-^: the image in in gr^(C) of the composition of this term 
with Alt4 is then zero; in the same way, so it the image of the composition of the r.h.s. with Alt4. 
It follows that the image in gr^(C) of Alt4 o((^^ ' ' — tp^' ' -|- ip^' ' — p^' ' — ip^' ' ) = 0. As 
Sc = Sc, (Alt2 0idf 2) 0(^12,3,4 ^ (j^oid®')o^c in gr2(C). We then get Alt4 o(^c'^id^')o^c = 0. 
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If now ic € C{S, S)i, we have ic oinji ~ inji mod C-^, which imphcs that the classical limit 
is invariant under equivalence. D 

Let QLBA be the prop with generators fi e QLBA(A^, id), 6 G QLBA(id, A'^),(p e QLBA(1, A^) 
and relations 

/i o (/i (g) idid) o Alts = 0, 5 o fi ^ Alt2 o[ii (g) idid) o (idid <8i<5) o Alt2, 

Ahg o{S (g) idid) oS^ Aha "(a^ «) id,^^) o (idid ®<y5), Ah4 o{S id,^^) oip^O. 
This prop is graded by {{u,v) e Z^ju > 0,2u + v > 0}, with fJ.,S,if of degrees (1,0), (0,1), 
(—1,2); we denote this degree (deg„,deg^). QLBA is then N-graded by the total degree 
deg +deg5; the generators have then degree 1. If a; G QLBA(A', F) and x,X,Y are ho- 
mogeneous, then deg^(x) - deggix) = \X\ - |y|, so QLBA(A:,y) = QLBA-^II-^I-I'^II(X, F), 
which implies that the total degree completion of QLBA is a topological prop, with associated 
graded QLBA. We denote by QLBA the corresponding Sch-prop. In the prop QLBA, the 
object id is equipped with a quasi-Lie bialgebra structure, and QLBA is an initial object in 
the category of props equipped with a quasi-Lie bialgebra structure on id. We have an obvious 
prop morphism QLBA —>■ LBA, given by /i, (5, </? h^ fi, 6, 0. 

A quantization functor of quasi-Lie bialgebras is then a QSQB in QLBA admitting {p., 6, ip) 
as its classical limit. Two quantization functors are (twist) equivalent if they are as QSB's. 

We have a map {quantization functors of quasi-Lie bialgebras} -^ {quantization functors 
of Lie bialgebras}, induced by the above morphism QLBA -^ LBA; this map takes equivalent 
functors to equivalent functors, and it takes two twist equivalent functors to the same image. 

The main result of our paper is: 

Theorem 2.1. The map {quantization functors of quasi-Lie bialgebras}/ (equivalence, twist 
equivalence)^ {quantization functors of Lie bialgebras}/ (equivalence) is a bijection. 

Remark 3. If ^ is a vector space, then a QSQB in CQ^^ gives rise to a QHQUE algebra 
deforming U{V), in the sense of [Dr2]. A quasi-Lie bialgebra structure (/iy, iJy, (pv) on V then 
gives rise to a quasi-Lie bialgebra structure on id in Cqjj^, namely (/zy, h6v, fi^ipv)- 

As above, if C is a topological prop and (/ic , <5c , </'c ) is a quasi-Lie bialgebra structure on 
the object id in C, with morphisms of valuation > 1, then a quantization functor for quasi-Lie 
bialgebras yield a QSQB in C quantizing (/ic, Sc,ipc) rnod C-^. 

In particular, for each quasi-Lie bialgebra structure (nv , Sy , fv) on a vector space V, a 
quantization functor for quasi-Lie bialgebras gives rise to a QHQUE algebra quantizing V, in 
the sense of [Dr2]. 

2.4. Deformation complexes. Let 2? be a prop. Set Cp"* := 2?(AP+^, A''+^) for p,q <E Z and 

Ct> ■— ®p.qezC^'^; this is a Z^-graded vector space (hence Z-graded by the total degree). We 
define a Z^-graded Lie superalgebra structure on Ct> as follows. For a G C^'^, a' G Cp'* , we 
set a' oa :— Altg+g/+i o(a'® idid®?) o (idjjg)p' (ga) o Altp+p/+i, and define their Schouten bracket 
[a, a'] := a o a' — (— 1)(p+'J)(p +9 )q,' o a. The condition that {^Vi^v) defines a Lie bialgebra 
structure on id in T) is then [/ip ® <5-D,/i-D © fe] — 0; the condition that (iJ-v , Sv , Vt>) defines 
a quasi-Lie bialgebra structure on id is [fi-p © fe © ^v, fJ-v © fe © t/?r>] = 0. The bracket with 
/i-D © Sv (resp., /ix> © (5r> © ^v) then defines a complex structure on Cp (graded by the total 
degree); we denote by H^ the corresponding cohomology groups. 

If C is a topological prop, we define a quotient prop C<„ by C<n{X,Y) = C/C-"+^(A, F); 
this is also a topological prop; we have a projective system ... -^ C<„ -^ ... -^ C<o and 
C(X,F)=lim^C<„(X,y). 

If now (to^", A^") is a QSB in C<„ with classical limit {ijlc,5c), then the obstruction to 
extend it to a QSB in C<„+i belongs to H'l^,^An -\- 2], and the set of such extensions modulo 
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equivalence is an affine space over Hl^,„^ [n+ 1] (here [n] means the degree n part for the grading 
ofgr(C)); see [Drl, GS, ShSt]. 

In the same way, if (ti^j", A^", $^") is a QSQB in C<„ with classical limit (/ic, 5c, ^pc), then 
the obstruction to extend it to degree n + 1 belongs to H'^^i^) ["^ + 2], and the set of extensions, 
modulo equivalence and twist equivalence, is an afhne space over Hl^.^An + 1] (see [ShSt]). In 
both cases, cohomologics are relative to the differentials defined by the classical limits. 

Note that when C = LBA or QLBA, gr(C) = C. The prop morphism QLBA -^ LBA induces 
morphisms of complexes Cqlba ^ C'lba ^nd of the cohomologics Hq^^^ -^ ^lba- 

2.5. Proof of the main theorem. To show Theorem 2.1, we will prove: 

Theorem 2.2. The maps ^qlea ^ ^lba '^'"^ isomorphisms for any i > 0. 

We will prove this in Section 4. 

Let us explain why this implies Theorem 2.1. We will prove inductively over n that the map 
red„ : {QSQB's in QLBA<„ quantizing (/i, 5, (^)}/(cquivalence, twist equivalence) —> {QSB's 
in LBA<„ quantizing (/i, S)} is a bijection. We denote by pf^+i „ the reduction map {QSB in 
C<n+i} -^ {QSB in C<„}. Then red„ opr';}^^^ = pr^^^f.^ o red„+i. 

Assume that red„ is bijective and let us show that red„+i is bijective. We first show that 
it is injective. If [(tti. A, <!>)] and [(?ti'. A', <!>')] are two classes of QSQB's in QLBA<„^]^ with 
the same image by red„+i, then the injectivity of red„ implies that their images by prn+i^n 
coincide. So [(m,A,$)] and [(m', A',<i>')] differ by an element w S ^qlbaI'^+1]- Their images 
by red„+i are classes of QSB's in LBA<„+i, whose reductions in LBA<„ are equivalent; these 
classes differ by the image of to under -ffqLBAl"^ + 1] ^ ^lba[^ + !]■ ^^ this map is injective, 
w = so [(to, a, $)] — [{m', A', <&')], which proves the injectivity of redn+i. 

Let us now show that rcdn+i is surjcctive. Let [(?7i<„+i, A<„+i)] be a class of QSB in 
LBA<„+i. Set [(to<„,A<„)] := pJ^J;^^_„([(m<„+i, A<„+i)]); this is the class of a QSB in 
LBA<„. Let [(m<„, A<„, $<„)] be the preimage of [(7n<„,A<„)] by rcd„. The obstruc- 
tion to extending it to a QSQB in QLBA<„^]^ is a cohomology class in -H^olbaI'^ + 2]. 
The image of this class by HQ^^p^[n + 2] ^ -^lbaI"' + 2] is the obstruction to extending 
[('7^<„, A<„)] to a QSB in LBA<„+i. The existence of [(to,<„_|_i, A<„+i)] implies that this 
class in i^LBAl"^ + 2] is zero. As the map ^qlbaI'^ + 2] ^ -^lbaI"' + ^] i^ injective, the ob- 
struction class in ^olbaI'^ + 2] is zero, and [(to<„, A<„, $<«)] may be extended to a QSQB 
in QLBA<„^]^. Let [(m<„+i, A<„+i, (f><„-(-i)] be such an extension. The difference between 
red„+i([(TO<„+i, A<„+i,$<„+i)]) and [(m<„+i, A<„+i)] is a cohomology class in iJ^g^ [n -I- 1] . 
As the map ffQLBA["+ 1] ^ -^lba['^+ 1] i'' surjective, this is the image of a cohomology class in 
_ffQLg^[n+ 1]. Substracting this cohomology class from [(m<„_)_i, A<„_(_i, (f><„_|_i)]), we obtain 
a preimage of [(to<„+i, A<„+i)] by rcd„+i. 

3. Structure of the prop QLBA 
In order to establish Theorem 2.2, we study the structure of QLBA. 

3.1. Products of ideals in props. If C is a prop and /i, ..., /„ are ideals of C, then the product 
Ii-.-In is the smallest ideal containing the morphisms fi * ■■■ * fn, where fi is morphism in li 
and * is o or ®. One defines in this way the powers /" of an ideal. 

3.2. Structure of the prop LBA. Define LA (resp., LCA) as the prop generated by /i G 
LA(id'^^, id) subject to the antisymmetry and Jacobi relation (resp., 6 G LCA(id, id*^^) subject 
to antisymmetry and the co- Jacobi relation). We have prop morphisms LA, LCA -^ LBA. The 
structure of LBA is given by 
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Proposition 3.1. For (Xi)jg/, {Yj)j^j finite families of objects in Ob(Sch), we have an iso- 
morphism 

(1) lJQk{®^X„®jYj) ~ e(2^^)gj„(g^i^)7x,7[®iLCA(X„®jZy)] ® [(g)jLA(®iZy, Y,)], 

whose inverse is the direct sum of the maps {®iCi) ® {(^jOj) t-* {(®>jaj) o /3/ j o {®iCi), where 
(3i,j '■ ®i{®jZij) —>■ ®j{®iZij) is the braiding morphism. 

This is proved in [E, Pos]; see also Appendix A. 

3.3. A filtration on QLBA. Let {(p) be tlie prop ideal of QLBA generated by ip and by 
(93)" is nth power. For X,Y E Ob(Sch), we have a decreasing filtration QLBA{X,Y) D 
{(p){X,Y) D {(p)'^{X,Y) D .... As (f is homogeneous for the Z^-grading, so are the (</?)", i.e., 

((/p)"(x,y) = ©„ez2(^)"(x,r)H. 

Lemma 3.1. This filtration is complete, i.e., nn>o{y^y^{X,Y) = 0. 

Proof Observe that ((^)"(X,r) is supported in n(-l,2) +N(1,0) + N(0, 1) + N(-1,2) C 
(2n + N)(0, 1) +Z(1,0). Then n„>oM"(A:,y) is supported in n„>o(2n + N)(0, 1) +Z(1,0), 
which is empty. So this intersection is zero. D 

The composition of QLBA restricts to a map {ip)"'{G,H)®{(p)'^{F,G) -^ {(p)"+"' {F, H) , and 
the tensor product restricts to {ip)''{F,G)®(ip)"' {F',G') -^ (ip)"'+"'' {F®F',G®G'), so QLBA D 
{(f) D ... is a prop filtration. The associated graded prop is defined by grQLBA(F, G) := 
®„>ogr„QLBA(F,G), where gr„ QLBA(F, G) - M"(F, G)/(^)"+Hi^, G). 

3.4. The graded prop LBA^. Define P to be the prop with the same generators jJ,,S,(f as 
QLBA and the same relations, except for the third which is replaced by Alts °{S® idid) oS — 0. 

We now construct a prop isomorphic to P. The following general construction goes back 
to [EH]. For G G Ob(Sch), we have a prop LBAc defined by LBAc(F, G) :== ©„>oLBA(F ® 
S"^{C),G) (the composition is induced by the coproduct S -> 5"®^). For D e Ob(Sch), we 
set LBAc,_D(i^,G) := ©„>oLBA(i^ ® S'^{C) ® D,G); for a e LBA(G,L»), we have a map 
LBA(F® ^"(G)® Z), G) ^ LBA(F® 5'"+HG), G), a; K^ xo [idj.gs"(c) <»"] o [idF (»A„,i], where 
A„,i : S'^+'^iC) -^ S'^{C)®C is the component n+l -^ (n, 1) of the coproduct S{C) -^ S{C)'^^. 
We then have commutative diagrams 



LBAcMF,H) 



LBAc.oiF, G) ® LBAc(G, H) 
9 LBAc {F, G) ® LBAc d{G,H) 

i i 

LBAc {F, G) ® LBAc {G,H) -^ LBAc {F, H) 



and 



I.BAc,d{.F®F',G®G') 



LBAc.d(F,G)0LBAc(F',G') 
® LBAc(F, G) ® hBAcoiF', G') 

i i 

LBAc(F,G)®LBAc(F',G') ^ hBAc{F ® F' ,G ®G') 

induced by the composition and tensor product, which implies that if 

LBA„(F, G) := Coker[LBAaD(-F, G) -^ LBAc(F, G)], 

then we have a prop morphism LBAc -^ LBA^. 

In what follows, we will set G := A^, D := A^, a := pr4oAlt4 o(5(g)idid)owJ3 e LBA(A^, A"'), 
where inj^ : A^ -^ id® and pr^ : id® -^ A^ are the canonical injection and projection. 

Lemma 3.2. We have a prop isomorphism LBA^ ~ P. 
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Proof. Let P be the prop with generators p,, S, (p and only relations: Lie bialgebra re- 
lations between /i, 8 and Cp = '^ Alta (cp) . We have a morphism P -^ LBA/^3 , defined by 
/t H^ M e LBA(id®2 cg)S'0(A3),id) c LBA;,3(id®^id); (5 h^ (5 e LBA(id (g) 50(a3), id®^) c 
LBA;,3(id,id®2); (p ^ inJ3 G LBA(1(8S'1(a3), id®^) C LBA^^all, id®^), asinjs = i Altaomjg. 
We also have a morphism LBA^a -^ P, defined by LBA^3(F, G) D LBA{F®S''iA^), G) Z) f ^ 
can(/) o (id^ ^^"(i^)) G P(F,G), where can : LBA ^ P is the prop morphism defined by 
li,S ^-> )1, 5. One proves that these are inverse isomorphisms, which induce an isomorphism 
LBA„ ~ P. D 

3.5. A graded prop morphism LBA^ -^ grQLBA. 

Lemma 3.3. There is a unique prop morphism LBA^ 2± P — > gr QLBA, defined by P(id , id) 9 

fi ^ 11 e LBA(id®^id) = groQLBA(id®2,id), P(id,id®^) 9 ^ f-> (5 G LBA(id,id®2) = 
gro QLBA(id, id®2) (we have QLBA/(^) = LBA, so grp QLBA = LBAj, P(l,id®^) 3 p ^ 
[^]GgriQLBA(l,id®3). 

Proof. The images in gr*' QLBA of the Jacobi relation for ^, of the cocyclc relation between 
/i, (5, and of the quasi-co-Jacobi relation between /i, (5, (p (which hold in (ip)'^ — QLBA) are 
respectively, the Jacobi relation for [^] , the cocycle relation between [/i] , [S] and the co- Jacobi 
relation for [S]. The images in gr^ QLBA of the relations p = ^ Alt3((^), Alt4(((5(g)id?^^)((y9)) = 
(which hold in (p)) are the similar relations, with 6,ip replaced by [6], [p]. It follows that we 
have a prop morphism P ^ gr QLBA, jl, 6 , ip i-^ [fi], [5], [p]. O 

3.6. 

Theorem 3.1. The morphism LBA^ -^ grQLBA is a prop isomorphism. 

Proof. We say that a prop morphism C ^ P is surjective (resp., injective) if the maps 
C{F, G) -> P(P, G) are. 

As QLBA is generated by /i, (5, p, the prop grQLBA is generated by their classes [^], [6], [cp], 
and since the generators of P ~ LBA^ map to these elements, the morphism LBA^ -^ gr QLBA 
is surjective. 

We now prove the injectivity of LBAq, — > gr QLBA. For this, we construct a filtered prop 
morphism QLBA -^ L(LCA/^2); composing the associated graded morphism grQLBA — > 
i(LCAy^2) with LBAq, -^ grQLBA, we obtain a morphism LBAq -^ L{'LCA^2). This mor- 
phism factors as LBAq, -^ P(LCAq) -^ P(LCAa2). The injectivity of LBAq — > P(LCAq) is 
a consequence of a general argument (already used in the proof of the structure result for the 
prop LBA, see Appendix A), while the injectivity of the second morphism follows from that 
of a morphism LCAq -^ LCA/\2, which is a consequence of Lemma 3.6. This establishes the 
injectivity of LBAq -^ L(LCA^2) and therefore of LBAq — > grQLBA. Let us now proceed 
with the details of the proof. 

We first define the auxiliary props mentioned above. LCA/\2 is the prop with generators 
i5lca : id -^ id® , r : 1 ^ id® , and relations: antisymmetry and co- Jacobi for i5lca, and 
antisymmetry for r. Similarly, LCAq is the prop with generators (5 : id ^ id and (^ : 1 — > 
id , and relations: antisymmetry and co- Jacobi for S, antisymmetry for p, and Alt4o((5 
id^^) op = 0. One checks that there are unique Sch-props LCA/\2, LCAq associated to these 
props (for example, LCA^^^lF, G) = ©ij 'LCA^2{Fi, Gj) for F == ©P^, G = ®Gi). We denote 
by L G Ob(Sch) the "free Lie algebra" Schur functor, i.e., if y is a vector space, then L{V) is 
the free Lie algebra generated by V; so L ~ Li (B L2(B ..., where Li = id, L2 ~ A^, etc. 

We now define the prop morphism QLBA -^ L(LCA/\2). The universal version of the Lie 
algebra bracket on L{V) is an element /i/vee G Sch(L®^,L). The prop morphism QLBA -^ 
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L(LCA/\2) is then defined by /i i— > ^free (we identity /i/^ee with its image under L(Sch) -^ 
L(LCA/\2)), 5 H^ 5free + a'd(r), where we identify Sfree with its image under _L(LCA) -^ 
L(LCA^2) (see Appendix A), and ad(r) e LCA/x2(L, L®^) is {fifree iS^ id l + {id l (E)^J. free) o 
(/3l,l (8 idi)) o (idi <S)f), (p ^ \ Alts o[((5/^ee (^idi) of - (idf ^ <E)Hfree)o (idL (8>/3l,l ^idi) o (f (g)f )] 
(here f = injf' o r, where inji : id ^ L is the canonical injection). This morphism is the 
propic version of the following construction: if (c, (5c) is a Lie coalgebra and r,; £ A^(c), we 
consider the twist by A^(injJ)(rc) of the Lie bialgebra (L(c), (5l(c)), where (5i(c) : L{c) -^ L(c)®^ 
is the unique derivation extending Sc (where inJl : c — > L(c) is the canonical injection); this is 
a quasi-Lie bialgebra. 

The powers of the prop ideal (r) define a filtration on the prop LCA/\2; the associated graded 
prop grLCA/^2 is canonically isomorphic to LCAa2. The prop morphism QLBA —>■ L(LCA/\2) 
is compatible with the filtrations (as it takes (p to (r)), and the associated graded morphism 
grQLBA -^ i(LCA^2) is given by [/i] ^^ lJ,free, H *~^ Sfree and [ip] i-^ i Alts o[Sfree ® id^) o 
injf o r. The composed morphism 

(2) LBA„ -^ gr QLBA -^ ^(LCAas) 

is then given hy jj, i-^ fJ-free, S i-^ Sfree and p >-^ ^ Alts o[Sfree ^ id/,) o injf o r. 

We now define two prop morphisms LBA^ -^ L(LCAq) and LCAq, -^ LCAy^2, such that 
the above morphism LBA^ -^ L(LCA/\2) coincides with LBA^ -^ L(LCAq) -^ L(LCA/\2). 

First define LBA^ -^ L(LCAq). There is a unique morphism LBA -^ i(LCA), taking /i, 5 to 
fifree, Sfree (see Appendix A); this is the propic version of the functor {Lie coalgebras} -^ {Lie 
bialgebras}, (c, (5,;) i-^ {L{c), free Lie bracket, unique cobracket extending 5^). We define 
LBAq -^ L(LCAq) by /x, (5 i-^ HfreeiSfree (we identify ^ifree, Sfree with their images in 
L(LCAq)) and (p \-^ injf op. This morphism is the propic version of {(c, i5c, <Pc)|(c, S^) is a Lie 
coalgebra, p^ e A'^(c), Alt4 o{S^ ®\d^'^){p^) = 0} ^ {(a, (5q, ^q, (/?p)|(a, yUa, <5a) is a Lie bialgebra, 
Pa € A^(a), Alt4 o((5o C3 id®^) 0(^0 = 0}, extending the above functor by p^ :— A^{inji){pc)- 

We then define the morphism LCA^ — > LCA^2 hy S 1-^ Slca, P ^^ \ Alt3((5LCA ® idid) o J'- 
One checks that (2) coincides with LBAq -^ ^(LCAq) -^ L(LCA^2). 

Let us prove that LBAq -^ _L(LCAq) is injective. Using the symmetric group actions, this 
is equivalent to proving that for any p, 9 > 0, the map 

(3) LBA„(Tp,Tg) ^ LCA„(L®p,L®«) 
is injective. 

Lemma 3.4. The map ®zeirr(Scii)^^^a{Tp,Z) ® LA(Z, Tg) -^ LBAq(Tp, T^), induced by the 

prop morphisms LCAq, LA -^ LBAq, (S,p ^^ S,p, n ^^ fi) and by composition, is an isomor- 
phism of vector spaces. 

Proof of Lemma. Recall that C — A"^, D = A"', a G LBA(£',C). One may construct 
as above a prop LCAc by LCAc(-F,G) := ®„>oLCA(i^ 5"(C),G); set LCAc,r>(i^,G) := 
©„>o LCA(F (S) S"-{C) ® D,G), then using the fact that a G LCA{D, C), one constructs a map 
LCAc,D(i^, G) -> LCAc(i^, G) and one then checks that LCA«(i^, G) = Coker[LCAc,D(i^, G) -^ 
LCAc(-F, G)]. For F,G E Ob(Sch), we have a commutative diagram 

©zeirr(sch) LC Ac.D (F, Z) L A(Z, G) ^ LB Ac.d (F, G) 

i i 

©zeirr(sch) LCAc (F, Z) L A(Z, G) ^ LB Ac (F, G) 

whose vertical cokernel is an isomorphism 

®ZGirr(Sch) LCA„(F, Z) ® LA(Z, G) ^ LBAq(F, G); 
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this isomorphism coincides with the map described in the statement of the lemma. D 

We now consider the composite map 

(4) 

®zeirr(Sch)LCA„(rp,Z)®LA(Z,r,) ^ LBA„(Tp,T,) ^ LCA^iL'^P , L'^") ^ LCA„(Tp,L««), 

where the first map is described in Lemma 3.4, the middle map is (3), and the last map is 
induced by the injection Tp = id^^ -^ L®p. 

Lemma 3.5. The map (4) coincides with the composite map (Bz^GAa{Tp, Z) (8)LA(Z, Tq) ~ 
®zLCA„(Tp,Z) (g) Sch(Z, L®«) -> LCAa(Tp, L®«), where the first map is induced by the iso- 
morphism hA(Z, Tq) ~ Sch(Z, L®'^) and the second by composition. 

Proof. Note that the isomorphism LA(Z, T^) ~ Sch.{Z,L®"') is proved in Appendix A. By 
using symmetric group actions, one shows that it suffices to prove the above statement with 
Z replaced by T^v. We have composed prop morphisms p : LCA^ -^ LBA^ -^ L(LCAa) 
and a : LA -^ LBA^ -^ _L(LCAq); actually c factors through LA -^ L(Sch). The map 
(4) (with Z replaced by Tn) then takes f ® g to a{g) o p(/) o injf^, where inji : id ^ L 
is the canonical morphism, / e LCAa(rj„ Tat), g e Sch{TN,Tg), p{f) e LCA„(L®p,L®^), 

We have p{f) o injf^ = injf o /, as this property can be checked for / = ShCA, r and is 
preserved by composition and tensor products. Moreover, a{g) o injf^ £ IjA{Tn, L®^) is the 
image g oi g under LA(Z, Tq) ~ Sch(Z, L®''). ft follows that (4) coincides with f <S> g f-^ g o f, 
which was to be proved. D 

According to Lemma A.f , the composite map ®z LCAa(Tp, Z)(g)'LA{Z, Tq) ~ ®z hCAa{Tp, Z) 
Sch.{Z , L®"^) -^ LCAa(Tp, L®'') is an isomorphism, so Lemma 3.5 implies that the composite 
map (4) is an isomorphism. The first map in (4) is also an isomorphism by Lemma 3.4, so the 
map (3) is injective, which was to be proved. 

Let us now prove that LCAq, -^ LCA^2 is injective. For this, we outline the structure of 
these props. We have 



LCA;,2 (Tp,r,) 
and 



Ind|^, xe., x...xe., [LCA(Tp, T,0 ® ®ti LCA(A^ T,J]] , 



LCA„(Tp,T,) = ®,>o[® ,^ , Indl^xe., xe JLCA(Tp,T,0^ 



Z ,Zi,...,Zk\ 

z' +Zi+... + Zk — Z 

®ti Coker{LCA(A4,T,J ^ l.CA{^\T,,)}]]^^. 

The injectivity of LCA^ -^ LCA/\2, is therefore equivalent to that of Coker(LCA(A^,Tz) ^■ 

LCA(a3,Tj)) -^ l.GA{^^ ,T^)\ in other terms, we have a sequence LCA(A'',r2) "°^'**!(f®"*id ) 

LCA(A^,T2) -^ ' LCA(A^, Tz) where the composite map is zero, and we should prove 

that the homology vanishes. 

To prove this, we will prove that the second homology of the complex 

(5) 

... ^ LA(rz, A^) ^'*-(-n'- »°- LA(T„A^) ^'*-(-^^-»°- LAlT,, A^) '^ LA(r.,id) ^ 

vanishes. We will prove more generally: 

Lemma 3.6. If z > 2, the complex (5) is acyclic; if z — 1, its homology is 1- dimensional, 
concentrated in degree 0. 
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Proof. Let £z (resp., Az) be the free Lie (resp., associative) algebra with generators xi, ..., Xz. 
The spaces are both graded by ©f=iN(5i, where \xi\ = Si. For V a vector space graded by 
©f=iN(5i, and/ C [l,z], we denote by Vj the part oiV oi degree J^iei^i- We have LA(T2, a'') c:^ 
{a''{Cz))[i_z]- This isomorphism takes the complex (5) to 

(fi\ Alt3o(,x£i»id®^) 3 Altao^cOid) 2//- NX t^ ( r \ _. O 

(D) ••• ^ (A (I.zjj[i,2] -^ (A (L^)j[i,2] -^ (Lzj[i,^] ^0 

where /i£ is the Lie bracket of Cz ■ 

Let Partfc(/) be the set of fc-partitions of a set /, i.e., of the /cuples {h, ...,Ik) with ufL^/i = /. 
The group 6k acts on Partfe([l, z]), and we have a decomposition 

(A {Cz))[l,z] ==©[(/!,. ..Jfc)]ePartfc([l,z])/Sfc (A (^z)) [(/i ,... JO] ' 

where the summand in the r.h.s. is the space of antisymmetric tensors in (Baee^ {^z)i„fu ® ... ® 

We have a bijection {(/{, [(/a, ..., /fc)])|/( C [2, z], [(h, ..., 4)] e Partfc_i([2, z] -/0/6fe-i} ^ 
Partfc([l,z]), taking (/(, [(/2, ..., 4)]) to [(/{U{l},/2, •••,4)]. The inverse bijection takes [(/i, ...,4)] 
to (/i — {!}, [(/i, ...,/i_i,/i+i, ..., Jfc)]), where z £ [1, /c] is the index such that 1 G Ii. 

For (/(, [(/2, ..., Ik)]) in the first set, we have an isomorphism 

(A {i^z))[{I[U{l}.l2,...Jk)]-i^z)l[U{l}®{^ ~^(^z))[(/2,...Jfc)] 

(whose inverse is given by Altfe, or, up to a factor, by the sum of all cyclic permutations if k is 
odd, and their alternated sum if k is even), which gives rise to an isomorphism 

(a'^ (£.))[!,,] ~ ©(/;,[(/,,.. .j,)])(^-)/;u{i} ® (a'=-H/:.))[(/,,...,/,)] c {Cz ® a'^-i (/:,))[!,,]. 

We have a complex 

(7) ... ^ {Cz ® /\HCz))[l,z] ^ {Cz ® Cz)[l,z] ^ {Cz)[l.z] ^ 0, 

where the differential (£2(8)A'^(£2))[i^2] — ^ {Cz®a''^^{Cz))[i^z] is induced by a;o(8)(a:;iA...Aa;fe) i-^- 

Y!l=l{-'^y^'^[^V>^^i]®{xi ^...X^... hXk)+Y.l<i<j<ki-'^y^'^XO®{xi A... ^[x^,Xj\^ ...Xj... AXk). 

If /, J C [1, z\ are disjoint, we have [{Cz)i, {Cz)j] C {Cz)i\jj, which implies that if 

Ck := ffi(/;,[(/2,...,/fc)])(^2:)/;u{i} ® (A ^^{Cz))[(i2,...,i^^)], 
then 

... ^Ca^Ci^O 

is a subcomplex of (7), isomorphic to (6). 

For/' C [2, z], we have an isomorphism (^z)/' -^ {Cz)i'yj{i]TgYvenhy Xi^...Xi^ t-^ [[[xi,a;ij, Xij], . 
the inverse isomorphism is the restriction of the map {Az)i'\j{i) -^ (-^z)/' taking a monomial 
not starting with xi to 0, and a monomial starting with xi to the same monomial with the xi 
removed (see [B]). 

The compatibility of these isomorphisms with the Lie bracket can be described as follows: 
for /', / C [2, z] disjoint, we have a commutative diagram 

{Az)r ® {Cz)i -^ {Az) 

i i 

{Cz)l'\j{l} ® {Cz)l -^ {Cz)l\jl'\j{l} 

where the upper horizontal map is induced by the product in Az {Cz being viewed as a subspace 
of Az) and the lower horizontal map is induced by the Lie bracket of Cz- 
We have a complex 

(8) ... ^ {Az ® A^{Cz))i2A -^ {Az ® Cz)i2A -^ {Az)[2,z] -^ 0, 
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where the map {Az <?) A'^(£z))[2.z] -^ {Az <^ ^''~^{'0.z))[2.z] is induced by xq (8) {xi A ... A Xk) t-^ 
J2t=ii-^y~^^Xo^i (g)Xi A ...Xi... A Xfc + J2i<i<j<ki~^y^^^o (8) Xi A ... A [xi,Xj] A ...x^... A x^. 
The isomorphisms {Cz)i' u{i} — {Az)i' induce isomorphisms Ck — ffi(7'.[(/2....,/fc)])(^z)/' <8i 
(a'^^^(£z))[(/2 /^)] = {Az ® a'^^^(£z))[2.z], which are compatible with the differentials. Hence 
the complex (8) is isomorphic to ... ^ C2 ^ Ci ^ Cq ^ 0. 

The complex (8) is the degree S2 + ... + 5k part of the complex 

(9) ...^Az®a\Cz)^Az<»Cz-^Az-^0, 

where the differentials are defined by the same formulas. 

Define a complete increasing filtration on (9) by Fil"[^2 8) a''{Cz)] — {Az)<n-k ® f\^{Cz), 
where {Az)<n is the part of degree < n of ^z ~ U{Cz) (i.e., the span of products of < n 
elements ot Cz). The associated graded complex is the sum over n > of complexes A"(£z) -^ 
... -^ S"^^{Cz) ® Cz -^ S"{Cz) -^ 0, which add up to the Koszul complex 

... ^ S{Cz) ® a\Cz) ^ S{Cz) <E>Cz^ S{Cz) ^ 0, 

where the differential S'(/:2)0A'=(/:z) -^ S{Cz)®h^^^{Cz) is /®(xiA...Axfc) ^-> ELi(-l)*^Va;*(S 
(xi A ...Xi... Axfe). 

Now if F is a vector space, the Koszul complex 

C{V) := [... -> S{V) ® A^{V) -> S{V) ®V -> S{V) -^ 0] 

is a sum of complexes, graded by N (this degree corresponds to p + q in Sp{V) ® A'^{V)). It 
is well-known that the homology of this complex is concentrated in homological degree and 
in degree 0, where it is equal to k. Recall a proof. One checks this directly when V is one- 
dimensional; we have isomorphisms C{V ® W) ~ C{V) ® C{W) of N-graded complexes, which 
implies the statement when V is finite dimensional. It follows that the Koszul complex in Sch 
...^S®A^^S®\A^>S^>Q has its homology concentrated in homological degree and 
degree 0, where it equals 1. This implies the statement in general. 

It follows that the homology of (9) is concentrated in degree 0, where it is equal to k; a 
non-trivial homology class is that of 1 G ^z. It follows that the degree 82 + ■.. + 5z part of this 
complex is acyclic if 2; > 2, i.e., (8) is acyclic if z > 2. The computation of the homology of (9) 
is straightforward when z = 1. D 

This ends the proof of Theorem 3.1. D 



4. Comparison of cohomology groups 

We now prove Theorem 2.2. The morphism of complexes Cqlba ^ Clba is surjcctive, so 
we have an exact sequence -^ Kcr(CQLBA -^ Clba) — > Cqlba — > Clba ~> 0, inducing a long 
exact sequence in cohomology. The isomorphisms Hq^^j^ ~ Hl^^j^ will then follow from the 
vanishing of the relative cohomology, i.e., the cohomology of the complex Ker(CQLBA ~^ Clba)- 

Note that the complex Cqlba has a complete descending filtration F^ (CqI^j^) := {ipY{AP, A''). 
The associated graded complex is the Schouten complex Clba„ of LBA^, equipped with the 
differential [/i®(5, — ]; unlike Cqlba, this is the total complex of a bicomplex, as the differentials 
have now degrees (1,0) and (0, 1). The relative complex Ker(CQLBA -^ Clba) coincides with 
the first step -F^ (Cqlba) of the complex Cqlba; its associated graded is the positive degree (in 
(f) part of the Schouten complex Clba^ • To prove that the relative complex is acyclic, it then 
suffices to prove that the positive degree part in (p of the complex Clba^ is acyclic. 

Exphcitly, recaU that Clba„ = ©p,g LBAa(AP, A«), and denoting by LBA^*) (X, Y) the degree 
i (in (fi) oiljBAa{X,Y), the bicomplex (Clba„, [p,(BS, — ]) splits up as ®i>o(CLBA ) [A©<^: "]), 
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where (Clb^ )^''' = LB AJ^*' (A'' , A"^), and we wish to prove that for i > 0, the total cohomology 

of (C'lb^ ,[jj, (B d, —]) is zero. For this, we wiU prove that the hnes of this complex are acyclic. 
We will prove more generally: 

Theorem 4.1. Let C, D be homogeneous Schur functors of positive degrees, let k G LCA(C, D). 
LeiLBA«(X,y) := Coker[LBA(i:>0A:, F) ^ LBA(C®X,y)]. Then for any q> 0, the complex 
(LBAK(AP,A''),[Ai, -])p>o is acyclic. 

Proof. Let us make this complex explicit. For Z G Irr(Sch), define nz G LA(id (g) Z,Z) 
and fiz e LA{Z id, Z) as follows: htp G LA(id (g) TP,Tp) is the universal version of a: ® 
xi (g) ... (g) Xp t-^ SiLi ^1 "^ •■■ "^ [2^7 2:^] (X) ... eg) Xp; as it is 6p-equivariant, it decomposes under 
LA(id (g) Tp, Tp) c:i ©z,w||zi=|ivi=pLA(id (g) Z, ly) (g) Vect(7rz,7rvv) as ©z/iz (g) id^^. We then 
set jlz '■= — Mz o Pz,id, where Pz.id : 2' (g id ^ id (g Z is the braiding morphism. 

Then [^, -] : LBA(C (g) AP,A'J) ^ LBA(C AP+\A«) is the composed map LBA(C (g) 
AP,A«) ^ LBA(C (g) AP (g) id, A«) ^ LBA(C (g) AP+\A«), where the first map is x 1-^ a; o 
(idc®/iAp) ^ Ma"! o (x (g) idid) and the second map is y ^^ y o Altp+i. We have a similar 
differential, with C replaced by D, and k induces a commutative diagram 

LBA(D(gAP,A«) -^ LBA{D(g,AP(^id,Ai) -^ LBAp ® A^+i, A?) 

LBA(C®AP,A9) -^ LBA(C® AP®id,A«) -^ LBA(C (g A^'+i, A«) 

The cokernel of this diagram is LBA«(AP, A«) -^ LBA^(AP ® id, A«) -^ LBA«(AP+\a«) and 
the composed map is the differential of our complex. 

Recall that for Xi, Y € Ob(Sch), i = 1, ..., n, we have an isomorphism LBA(Xi(g)...(X)Ar„, Y) ~ 
®Zi,...,z„eirr(Sch)LCA(Xi,Zi)®...®LCA(X„,Z„)(gLA(Zi(g...(gZ„,y) = ©Zi,...,z„LBA(Xi(g) 
... (g) Xn, Y)zi,....Zn- The inverse isomorphism is the direct sum of the maps ci (g) ... (g) c„ a 1-^ 
a o (ci g) ... g) c„). If Xi is homogeneous of positive degree, LCA{Xi, 1) = 0, so the above sum 
may be restricted by the condition \Zi\ > 0. 

We now define a complex ^ C'^ -^ C^ ^ ... as follows. The analogue of the above complex 
[fi, -] : LBA(C ® AP, A'') -^ LBA(C (g AP+\ A'') (with C replaced by Z) admits a subcomplcx, 
namely C| ,j := ©z'eirr(Sch) LBA(Z ® A^, A9)z,z'; 

"'Z,q ■ ^Z,q ^ ^Z,q 

is then the restriction of the differential [/i, — ]. We then have an isomorphism between the 
complexes (LBA(C g) A^, A«), [^i, -])p>o and ®ZGirr(Sch),|z|>o LCA(C, Z) (g (C^ ,, d|P/^)p>o. 
We have a similar isomorphism replacing C by Z?, and these isomorphisms are compatible 
with the niorphisms of complexes induced by k. Taking cokcrnels, we get an isomorphism of 
complexes 

(LBA,(AP, A^), [m, -])p>o - ©zeirr(Sch),|z|>o Cokcr[LCA(i^, Z) ^ LCA(C, ^)]®(C| „ 4;f i)p>o. 

We now prove the acyclicity of (C^.q' '^z^^ )p>o, for any g > and any Z G Irr(Sch), \Z\ > 0. 
To lighten notation, we will denote it {CP,dP'P~^^)p>Q. We reexpress this complex as follows. 
View CP as the antisymmetric part (under the action of 6p) of C^ := (Bzi,....z Girr(Sch) LBA(Z(g 
id^P, A'^)z,Zi,...,Zp C LBA(Z g) id®P, A«) (we may restrict this sum by the conditions \Zi\ > 0). 
Define 

dP'P+^ : LBA(Z (g id®P, A«) ^ LBA(Z ® id'^P+\ A") 

byJP'P+i(x):=xo(idz©M®idf/-i)o(^^<^^^.<^^^(-l)«+^A,)+^^,o(idid0x)o(^^<^<p^^(-l)«+i/3,), 
where Pij is the automorphism oi Z (S) id^ , universal version of z g) xi (g ... g) Xp+i h^ 
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z iSi Xi iSi Xj lEi Xi 1^ ...Xi...Xj... (g) Xp+i, and I3i : Z ® i^®p+'^ _> id® Z ® id*^^ is the univer- 
sal version oi z ® xi ® ... ® Xp+i i-^ Xi ® z ® xi ® ...Xi... Xp^i. Then dP'P^^ restricts to 

We now introduce a fihration on C^. Let {C^)-P C C^ be the sum of all terms where 
card{i|Zi = id} < p' . This subspace is invariant under the action of (3p, so its totally antisym- 
metric part is a subspace (C^)-^ C C^. 

Lemma 4.1. dP'P+i((CP)^P') C {CP+^pP'+\ 

Proof. To prove this, we will prove that dP'P+\{CPpP') C {CP+^pP'+\ li x e LBA(Z ® 

id®P,A«)z,Zi,...,z,, then MA5o(idid<»a;)o/3i is clearly in LBA(Z®id®P+\A«)z,Zi,...,z,_i,id.2.,...,Zp- 
Here card{i|Zj = id} has been increased by 1. Moreover, for any W £ Irr(Sch), the image of 

LCA(id,Ty) -^ LBA(id'*^T4^), c^ co ^ lies in ®w^.w2€i..(Sai.).iw,i>o.l^BA{id'^'^ ,W)wi,W2- So 

W11+1W2NIWI+1 
X o (id^ ®M ® id^^~ ) o /3ij hes in 

(10) ffiwi,W2eirr(Sch)||Wi|-i-|W2|=|Zi|+iLBA(Z(g)id p ,A'^)z,z2.,...,z,.,Wl■Z^+l.,...,ZJ-l.W2,Zj,...,Zp■ 

When (VTi, W2) G Irr(Sch) are such that \W,\ > 0, |T4^i| + IVK2I = \Z\ + 1, {i||Wi| = 1} is < 1 if 
\Zi\ > 1 and = 2 if \Zi\ = 1. So in the summands of (10), card{z||Zi| = 1} is increased by at 
most 1. D 

It follows that the differential dP'P+'^ is compatible with the fihration (C'p)^° C ((7^)^^ C 
... C {CP)-P = CP. To prove that it is acyclic, we will prove that the associated graded complex 
is acyclic. For this, we first determine this associated graded complex. 

For p'+p"=p, let CP'^P" := ©z;'....,z"„eirr(Sch),|z"|#o,i LBA(Z0id®P'0idP", A9)z.id id.z''....z"„- 

Let CP 'P be the antisymmetric part of this space w.r.t. the action of 6pi x ©p". 

Lemma 4.2. {CPpP /{CPpp'-^ = CP'P" , where p" = p - p' . 

Proof. {CP)^P'/{CP)^P'-^ - ©Zi....,Z,eIrr(Sch).|Z,|>0,card{.|Z.=id}=j,' LBA(Z®id®P, A-^jz.Zi ,...,z, • 

{CP)-P /(CP)-P ^^ is the (3p-antiinvariant part of this space, which identifies with the 6p' x 
6p"-antiinvariant part of Cp 'P , i.e., Cp 'P . The isomorphism'^ 

[®card{.|z.=id} LBA(Z®id^^ A')]®." ^ [©|2.|>i LBA(Z®id^^ A«)z4d,...4d,z(',...,z;'j(®-' "®''")^ 

is given by projection on the relevant components, and the inverse isomorphism is given by 
the action of (1/p!) X^cree ^i'^)'^ i*^^ (p''p"'/-P') Stree / ,, ^(^)^> where &p'y is the set of 
p',p"-shu01e permuations). D 

Define 

Jp',p'+i|p" . LBA(Z (g) id'^P' (E) id®P", A«) ^ LBA(Z (g) id^^'+i (g id®^", A«) 

byx^.To(idz®M®idfd^^')°(Ei<.<,<p'+i(-l)'+^+'Aj)+^°(Mz®idfdO°(Ei<.<p'+i(-l)'+V.)- 

Lemma 4.3. The map dP' -p' +'^\p" restricts to maps (JP ^p" -^(Jp'+^^p" and dP' 'P' +^^p" : CP'P" ^ 
CP'+^'P" , and the map {CPpP' /{CPpP'-'^ -^ (cp+1)<p'+i/(Cp+1)^p' induced by dP-P+^ coin- 
cides with dP 'P '^^'P , where p" — p — p' . 

For each p" , {CP 'P ^ ^p 'P +i|p )p/>o is therefore a complex (this can be checked directly); it 
is embedded in the similar complex, where the restrictions \Z'/\ ^0,1 are dropped, which is 



■^For M a module over Yli &vi> ™^ denote by M'^'» fi' the component of M of type ®iei, where e^ is the 
signature character of Soj • 
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the universal version of the complex computing H^ (o, Z{a)*) ® A^ (a)* ^ A*(o), where a is a 
Lie bialgebra. 

Proof, li X e LBA(Z <^ id*^^' (g) id*^^", A«)2 id id z" z" , then one checks that both x o 

(idz «)/x®id®P-')o/3y and xo{^z&dfl)op, lie in LBA{Z&id'^P'+^&id'^P" , A^)zAd^...Ad,zi' ,...,z';„ , 
which implies that tP 'P +^1*' induces a map C^ '^ -^ C^ ~^^'P . The map dP '^ +^1^ maps the 
&p' X ©p" -antisymmetric part of LBA(Z (gi id®^ (g) id®^ , A'') to its analogue with p' increased 
by 1, so it restricts to a map dP'-p'+^\p" : Cp'-p" -> Cp'+^-p" . 

Let us now show that the map Cp''P-p' -^ cp'+^'P-p' induced by dP-^+i : {CPpP' ^ 
t(jp+i\<p'+i jg fip' ,p' +Mp-p\ 

Let Zi,...,Zp £ Irr(Sch) be such that Zi = id for i < p' and \Zi\ > 1 if i > p' + L Let 

y e LBA(Z(8)id®P,A«)z,Zi....,Zp be of the form ao (id^ ®ci ... (g) Cp), where q e LCA(id, Z^) 
and a G LA(Z (g) Zi (g) ... (g) Zp, A«). Let x -.^ y o {idz (E){J2aee ,xs „ <^(<^)'^))' ^^^ ^ '■= 
y o (idz 'i^(J2aee ^i'^)'^))- Then x £ Cp 'P , x E {Cp)-P , and x corresponds to the class of x 
under C'p' 'P" ~ {Cp^p' /{CP)^p'~'^. 
Let us compute dP'P~^^(x). We have 

(11) X o (idz ®^i ® idf/-2) „ (^(-i)«+J-;3,,) 

i<j 

= ^ (-1)*+^ ^ e(CT)ao (idz®/3ff) o [id2®(c^(i) o/i) (g)c^(2) (g)...(8)c^(p)] o/3ij, 

l<i<J<p creSp 

where (]„ ■ ■^cr(i) ® •■• (g ^cr(p) — > ^i ... ® Zp is the braiding map. 
We now use the fact that if c G LCA(id, Z), then 

(12) CO ^ = iiz o (idid ®c) + fiz ° {c® idid) + k(c), 

where k(c) G LBA(id'^^,Z) is such that: 

• k(c) G e|H/i|,|H/2|>i LBA(id®^ Z)w^.W2 if 1^1 > 1, 

• k(c) = — c o fx a Z = id. 

(12) is proved as follows: it is obvious when Z — id; we first prove it when Z ^ Tp (p > 0) 



and c ~ (5 ® ^d'?^~ )o ...oS (iterating the use of the cocycle identity) ; as this element generates 
the 6p-module LCA(id, Tp), this implies the identity when Z = Tp. The case of Z G Irr(Sch), 
\Z\ = p is derived from there by taking isotypic components under the action of &p. 

When |Zct(i)| > 1, the contribution of k{c„^i)) to (11) belongs to (^(Jp+'^j^p . The class of 
(11) in {CP+^pP'+^/{CP+^pP' is then the same as that of 

(13) 

Yl (-1)*^^ X! " ° ^^^^ °^'^) ° (^^^ '^(A'^.d) ° [idid 'X'c^(i)]) «) c^(2) ® ... «> c„(p^) o p^j 
i<i<j<p+i creep 

+ Yl ("1)*^^ X! " ° (^'^^ °^'='^ ° (^^^ ®ii^Z,,r) ° [c<t(1) ® idid]) ® C^(2) «> ... ® C^(p)) o /3y 

l<i<j<p+l (reSp 

+ XI (-1)*+^'+^ Y e('7)ao(idz®/3^)o[id2®(c^(i)0/i)®c^(2)(g)...(gc^(p)]o/3i. 

i<j<j<p+i creep|CT(i)e[i,p'] 

The first Hne may be rewritten as follows. Let aj G &p be the cycle aj{l) = 2,..., aj{j — 2) = 
J — 1, a(j — 1) = 1, aj(j) = j,..., aj(p) = p. In terms of r := cr o a^, this line expresses as 

XXX (-l)*e(T)ao(idzo/3r)o(idz®c^(i)«)...(E)[/iz,y_i)0(idid®c^(j_i))]®...®c^(p))o7y, 
i6[i,p+i] *<i -reSp 
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where jij S Aut(Z (g) id®^) is the categorical version of z (g) xi (g) ... (g Xp+i i-^- z (g Xi (g ...x,... (g 
Xj-i g) Xi g) Xj+i (g ... g) Xp+i. In the same way, one shows that the second hne has the same 
expression, with the condition i < j replaced hy i > j and jij the categorical version of 

Z (g Xi g) ... (g Xp+i l-^- Z (g Xi g) ... (g Xj-i (g Xi (E) Xj + i g) ...Xi... (g Xp+i. 

Adding up these lines, and using the identity 

k 

Hw ° (idid<ga) = 2_] " ° (i^W'i ®--- "X" MWa '8' ... (g idvi/^) o /?«, 

in LA(id (g) Wi (g) ... g) Wk,W), where a e LA(Tyi (g ... g) Wk,W) and /3a is the braiding 
id g) Wi g) ... g) Wk — > M^i (g ... g) T4^a-i g) id g) Wq g) ... g) W^fc, we express the contribution of (11) 
as (last line of (13)) +/Xa, o (idid (g:r) o (ES (-l)'A) + i o (^^ (g id^^) o (Er=i'(-l)'+'/3i)- 

The class of dP'P+\x) in (C'p+1)^p'+7(C'p+1)^p is therefore the same as that of (last line 
of (13)) +S; o {fiz (g id,^'') o (ES(-I)^^V*)- To evaluate its image in C^'+^'P", we apply 
the projection of Q)Zi,....z +i LBA(Z (g id**^"^^, A'')2,Zi,...,z +i on the sum of components with 
Zi = ... = Zp/_|_i = id, |Zp/+i|, ..., \Zp^i\ > 1 along the other components. 

We have xo{fiz<S> id?[) o f3i ^ E^eSp ^(^)" ° i^'^z ®lia) ° {l^z (8) c^(i) g) ... g) c^(p)) o /3j, and 
the summand corresponding to a belongs to LBA(Z (g id®^, A'')2,z„n)....,z„(i_i).id,z„(i)....,z„( >; 
the projection is the identity on the components such that i € [l,p' + 1] and a S &p' x 6p// 
and zero on the other ones. So the projection of i o (^^ g) id^*') o (EiLi ("1)'"''^ A) is x o (/i^ g) 

idfd'')o(Ett'(-ir'A)-_ 

Let us compute the projection of the last line of (13). The term in this line corresponding 

to i,j,cr belongs to LBA{Z (gid^^, A'')z,z„^^^,...,z^^,^^d,z„^,+,^,...,z„^,_,^^d,z^^,^,...,z^^^y The pro- 
jection is then the identity on the terms such that i,j G [l,p' + 1] and a G &pi x 6p" and zero 
on the other ones. The projection of the last line of (13) is therefore x o (id^ (g^ g) id^^~ ) o 

(El<i<j<p' + l(^lJ Pij)- 

The projection of (iP'P+^(a;) is then the sum of these projections, i.e., cP -p +^Ip (x). D 

The associated graded of the complex {Cp, dP-P+'^)p>o is therefore ®p">o{Cp'-p" ,dP''P'+'^\p")p'>o. 
We now prove that for each p" > 0, the complex (C^ 'P , dP 'P +^1^ )p'>o is acyclic. 
For Z" = (Z'{,..., Z'^„) e Irr(Sch), let 

d|/+i : LA(Z ® id®P' ® {®^Z'^), A«) ^ LA(Z g) \d®P'+^ ® {®^Z'^), ^'') 

be defined by the same formula as rfP 'P +i|p , replacing id^^~ , id^^ by id^^ ~ g)id,g;2", 

'^^fl' "Xiid^.^"- Let C|„ be the antisymmetric part of LA(Z g) id®P' g) ((giZf),A«) (w.r.t. the 

action of &p'). Then dP^if restricts to a differential d^/f : C^// — > C^// ; moreover, we 

have an isomorphism between (C^ '^ , d^ '^ +^1^ )p'>o and the antisymmetric part (w.r.t. the 
action of &p") of 



)zr....,Z"„6lrr(Sch).|Zr|^0,l ®Cl LA(id, Zf) ® (C|'„,4f' + ^: 



'p'>0- 



Since the differential of this complex is 6p// -equivariant, it suffices to prove that each complex 
(C^„,d^,f "*" )p'>o is acyclic. 

Letz":=|Z|, Ar:=EJ^-'l;lct 

<']^'+i : LA(id®" ® id®P' g) id®^, id®«) ^ LA(id®" ® id®p'+i id®^, id®«) 

be defined by the same formula as d^^if , replacing ®iZ^ by id® and /i^ by /iid»^ . Let C^ ^ 
be the antisymmetric part of LA(id®^ g) id®'' (g id® , id®'') (w.r.t. the action of &p'). Then 
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dl^N^^ restricts to a differential d^.j^.j'^ : C^.at „ -> Cl^\. Tire complex (C^ at „, ^Ij^ <t^) 



'■z.N.,q restricts lo a amereiitiai a-^j^f^g ■ '-^z.N,q ^z,N,q- -^"^ ^"^"P^*^^ l'-^i,Ar,g' "z,JV,g )p'>0 
is equipped with a natural action of &z x Jli®|2"| ^ ®9' ^^^ (C^„,rf^/f ) is an isotypic 

component of this action. It sufBces therefore to prove that (C^ jy g' '^'zNq )p'>o is acyclic. 

In what follows, we denote by C{ui, .., Ms) (resp., A{ui, ..., Ug)) the free Lie (resp., associative) 
algebra generated by Ui, ...,Up. These spaces are graded by ®ig[i,p]N(5j and for S C [l,p], we 
denote by £(mi, ..,Us)s, A{ui, ..,Ug)s the subspaces of degree (Bi^s^i- In the case of two sets 
of generating variables (ui, ...Ug) and (ui, ..., Vt), the spaces are graded by ®ig[i,s]u[i,t]N(5i and 
we use the same notation for homogeneous subspaces. 



Lemma 4.4. We have an isomorphism of complexes 

-'z,N,q 



(14) C^z.N.q — ® u9_,/q = [1,z], "XIq^i Ci j 



Ja=^ + [1.N] 



,&~ 



Proof. Identify C^^^^g with [£(ai, ..., a^+Ar, a;i, ..., a::p/)®«]j-^^^^^j^j-^ p,j, which is the part of 
the qth tensor power of C{ai, ...,Xpi), multilinear in ai, ..., o^+at, xi, ..., Xp/, and antisymmetric 
in xi, ...,Xpi (ai, ...,a^ correspond to the z factors of id , a^+i, ...,az+N to the N factors of 
id® , and xi, ...,Xp> to the p' factors of id*^^ ). The differential d^'^^ then expresses as 

F(ai, ...,az+N,xi, ...,Xp>) t-^ ^ (-l)*+^+^F(ai, ...,a^+Ar, [xi,Xj],xi, ...Xi...Xj...,Xp>+i) 

l<i<j<p' + l 

z 

(15) + ^ y^ (-l)'+^f (ai, ..., [xj, a^/], ..., az+N,xi, ...Xi...,Xp>+i). 

l<i<p' + lz' = l 

On the other hand, we have an isomorphism LA (id® ,id®') ~ ®/iu...u/ =[i,7V]'Xi^^iLA(id®' ° ,id), 
with inverse given by the sum of maps ai (g) ... (g) a^ t-^ (ai (g) ... (g) a^) o (3i^^,,,j , where 

/3/i,...,7, : id® — > (gcid®' °' is the braiding induced by the maps [l,iV] -^ Uq[1, |/a|], taking 
la to [1, |/q|] by preserving the order. Analyzing the action of ©at on the set of g-compositions 
of [l,N], we derive an isomorphism LA(A^,id®'') ~ ®Ni+...+n,=n ^1,=! LA(A^°,id), with 
inverse given by the direct sum of the maps ai ® ... (g) aq i-^ (ai (g ... (E) aq) o I3ni,....n,, where 
I3nu...,n^ ■ A^ -^ A^i (g) ... (g) A^" is the composite Schur morphism A" ^ id®^ ~ g)„id®^° -^ 
g)cA^°. One proves similarly that we have an isomorphism LA(id®^ (g A^ (g id® , id®"^) ~ 
ffiu„/„=[i,z],u„j„=z+[i,Af],2:„p„=p' (Xi^^i LA(id®l^°l g) AP° g) id®'"'"', id), with inverse induced 
by the direct sum of the maps (E)aO'a i— > (^aOc) o /3(/„),(j„).(p„), where P{i^),{j^).{p^) ■ id g) 
AP' (g id®^ -^ g)a(id®''^°' g) AP° (g id®'"^°') is constructed from the above Schur morphisms. It 
follows that we have the isomorphism (14) between graded vector spaces. Let us show that it 
is compatible with differentials. 

For U„/„ = [l,z], U„J„ = z+ [1,N], J2aPa = p', the map (EI^iC^jI\,\j^\,i ^ C^'at,, 
identifies with the map 

®aFa 1-^ X](tg6 ^i'^)'^ * (<8a^a), whcrc 6pi,..,p„ is the set of shuffle permutations of &pi 

(preserving the order of the elements of [l,Pi], pi + [1,P2]7 etc.) and * is the permutation action 
on xi, ...,Xp' . The projection C^ jsf „ ^ (EiaCff , ,j i j^ to the component indexed by ((/«), (Ja)) 
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along the other components can then be described as foUows: the composite map 

[£(ai, ...,a;p/)®''][i^2+Ar]u[i,p'] ^0 uic=ii,^], ®a C{ai, ...,Xpi)i^uj^uP„ 

UJa=z + [l,W], 
UPa = [l,p'] 

— > (8)a£(ai, ..., a;p/)/^u,/„u(pi+...+pQ_i+[i,pQ]) 
(where the second map is the projection along all other components) restricts to 

[C[ai, ...,Xp') ][i'^z+N]u[iy] "^ ^al-^lflli •••'^P')/„''uJ„U(pi+...+p„_i + [l,p„])]' 

which identifies with the projection C^^„ —^ (^aCff , ,, , ^. 
Extending formula (15) defining d^ '^ „ , we define a map 

^l,N,q ■ [■^{ai,---,Xp')^''][i^z+N]u[i,p'] —> [-C(ai, ...,a^+Ar,a;i, ...,a;p/+l)'^'][l_^+7V]u[l,p'+l]• 
It follows that the map d^ '^ „ ■ C^ n a ^ ^z n a n^^-y be identified with the composite map 

© u„/„ = [i,^l ®a=l['^('^l'---'^p')/J,J„,pi + ...+p„_i + [l,p„l] 

Ua Ja=i + [l,-'V] ' 'f f I I- J 

®(2:„e6pi,....p„ «('^)'^) „ <'«'+' 

-^' [-^(ai, •••,a;p') ''][i,z+Ar]u[i,p'] '— > [-C(ai, ..., Xp'+i) '^][i,z+Ar]u[i,p'+i] 

— © u<:,-fc, = [i,^] ©a=l ['^('^1' ■■•'^P')/„..7„.P„] 



UqJq=z + [1,N] 
UoP^=[l,p' + l] 

Ua Ja=z + [l,-'V] 



a=l [-'-(ai, ■■■j^p')l^J^.pj^+...+p^_-^ + [l^p^ 



We have a decomposition d^j'+i = Ei<»<j<p' ^~'' + Eflt' E''=i '^"'- Then: 

• d^^ takes the summand indexed by {{Ia)a, {Ja)a, {Pa)a) to the summand indexed by 
((/«)«, (./a)a, {P^')a), where (P^J)„ is the partition of [l,p' + 1] given by P^^ = [(P„ n [2,i]) - 
1] U (Pa n[i + l,j - 1]) U [{Pa n [j,p]) + 1] if 1 ^ Pa, and the union of the same set with {ij} 
if 1 G Pa (all these unions are disjoint); 

• d*^ takes the summand indexed by {{Ia)a,iJa)aTiPa)a) to the summand indexed by 
((/a)a,(Ja)a,(Pr%), ^hcrc (P^'^')a is the partition of [1, p' + 1] given by P^'^' = (Pan[l,z- 
1]) U [(Pq. n [J,p']) + 1] if z' ^ la, and the union of the same set with {i} if z' G /« (all these 
unions are disjoint). 

As the partitions {Ia)a and {Ja)a of [1, z] and z + [1, N] are not modified, (14) is a decom- 
position of complexes. If {Pa)a is one of the partitions {P]^)a ot [P^ )„, then the sequence 
{\Pa\)a=i,...,q has thc form {pa + Sap)a, whcrc /? G [l,q] and Pa ~ |Pa|. 

Fix P G [1, q] and set p^ := pa + Sap- The partition {Pa)a coincides with {p^ + ... + Pa-i + 
[l,Pa)a if: 

(a) Pa = l+Pl + ...+Pa-l + [l,Pa\ if « < /3, P/3 = [1 + pi + . .. + p^i_i + [1 , p/3 - 1]] U { 1}, 

Pa= Pi + ■■■ +Pa-i + [l,Pa] if a > /3 and pi + ... +P/3-1 + 1 < « < j < Pi + ... +P/3 + 1; in that 
case, {P^J)a is given by P^-J ^ pi + ...+pa-i + [l.,Pa] for a < /3, P^^ = pi + ...+p/3_i + [l,p^ + l], 
and P^-' = 1 +pi + ... +Pa-i + [l,J5a] if q; > /?. In particular, i < j belong to PJ*; 

(b) Pa ^ pi + ... + pa-i + [I, Pa] for any a, pi + ... + pfi-i + I < i < Pi + ... + pp + I 
and z' G /;3; in that case, {P^ )„ is given by P^ = Pi + ■■■ + Pa-i + [l,Pa] for a < /?, 
P'p =:pi + ...+p/3_i + [l,p/3 + l] and P^^ = l+pi + ...+P/3_i + [l,P/3] for q; > /3. In particular, 
I G P^^ and z' G Ip. 
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Let now ^aFa{ai, ...,Xp>) belong to "^a^iai, ...,Xp>)j^^j^^^^^^^^^^__^^^-^^^^^y The image of 

this clement in /:(ai,...,a;p/)j-^^^^jYj^j-^p,j is (I]creepi,....p e(o-)o-) * (^a^a)- Let us apply d^ '^ +i 

e 3 
to this element, andlet us project the result to ®o^j^(8ia>C(ai, ...,Xp/_(.i) ''^ , ,., ^ . 

According to what we have seen, the nontrivial contributions to the summand indexed by P 
are: 

• for z < j in pi + ... + pp^i + [l,Pi3 + 1], the projection of d^^ {e{a)(7 * {(E)aFa)), where a is 
the shuffle permutation taking the pi + ... + Pa-i + [f,Pa] to Pq, described in (a) above; 

• for z G pi + ... +P/3-1 + [l,Pi3 + 1] and z' G Ip, the projection of (f^ (<E)aFa), where (f^ is 
the summand of d^ ]^ corresponding to (i, z'). 

T i jPfi-Pf> + ^ r( \ Pl3 r( \ P^ + i 

i^CT ap : -Liai,---,2;p'j/^,,j,,,pi+...+p^,_i+[i,p^] ^ -^l"!' ■■■' V+U/^,j^,j,i+...+P3_i+[i,p^+i] 

be the differential of the complex CTj i ij n ^^"^ ^'^^ '^fl' '^/f ^^ ^^^ components. We have 
d'-'(o- * {®aFa)) = Fi® ... (g) ctp{Fj3) (g) ... (g Fg (to prove this equality, note that the xi present 
in the /3th factor of cr * {<E)aFa) gets replaced by [xijXj] in both sides; the signs coincide 
since the "usual" indices of variables Xi,Xj are shifts of i,j by the same quantity, and this 
does not aher (-l)*+J+i), while e{a) = {-1)p^+-+P(^-^: on the other hand, S'^' {(S)aFa) = 
(^^iyi+-+Pii-ip^ (g, ,,, (g, df {Fp) (g) ... ® Fq (here the sign is due to the fact that the index 
of Xi is, in the usual ordering, i — {pi + ... + Pfj-i)). It follows that the contribution to the 
summand indexed by /3 is (-1)pi+--+P'3-iFi (g) ... (g)d|^'^'^''"^^(F^) (g ... (g i^,. So the projection of 
rf^''^'+H(E.ee„, „ 6(a)a) * (®„F„)) is 







(-lfi+-+P'^-i id(g... (g dP^'P^+i (g ... (g id]((g„F„), 



as was to be proved. D 

As z 7^ 0, for each partition (/i, ..., Ig) of [1, z], there exists i such that \Ii\ ^ 0. So renaming 
\Ii\, \Ji\ by z, A^, it suffices to prove that if z 7^ 0, then C' -^ -^ is acyclic. 

Recall that C^^vi — ^i^'^T--T^p')\i'z+N]u\i v'] ^^'^ '^^ni '^^ given by (15). On the other 
hand, the map a t-^ ad(a)(ai) gives rise to an isomorphism 

where A{ui, ..., u„) is the free associative algebra generated by ui, .., u„ and ad : A{ui, ..., Us) —^ 
End(>C(ui, ...,Us)) is the algebra morphism derived from the adjoint action of C{ui, ...,Us) on 
itself. The differential d^'^^ • -^z w 1 ~* -^z Jv 1 ^^ given by 
(16) 

(5(a2, ...,az+N,xi, ...,Xp') 1-^ ^ (-l)*"'"^+^(5(a2, ....a^^+N, [xi,Xj],xi, ...Xi...Xj...,Xp^+i) 

l<i<j<p' + l 
p' + l z 

+ ^^{-^y^^{Q{a2, ...,az+N,Xi, ...Xi...,Xp:+i)xi + ^ Q(a2, ..., [aJj, a^'], ..., Oz+at, Xi, ...x^..., a:;p'+i 

i=l z'=2 

as ad(a)([a;, ai]) — ad(aa;)(ai), for any a; G C{ai, ..., a:;p') and a G yl(ai, ..., a:;p'). 
We have an isomorphism 

"^z Af 1 — ®o-ePerm({2,...,z+A})-4^ j 
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where A^ := {A{xi, ...,Xpi)^^'^'^),^'' ,,, whose inverse is the direct sum of the maps induced by 

<S)atlQa{xi,...,Xp,) K^ Qi(xi,...,Xp,)a„i^2)Q2{xi,...,Xp>)a„i^:iy..a„i^^+N)Qz+N(xi,...,Xp,). 

The exphcit formula (16) shows that if Q{ai, ..,Xpi) is a multiUnear monomial, then the im- 
age of Q by the extension oi d^ '^ i given by the same formula is a linear combination of 
monomials, where the a^ appear in the same order as in Q{ai, ...,Xp'). It follows that for 
each a G Perm({2, ..., z + N}), A^. is a subcomplex of Al ^ i, and that we have a direct sum 
decomposition of the complex A' ^ i 

(17) Al^^^ ~ (B^Al. 

The acyclicity of A* ^v i i^ then a consequence of that of each subcomplex A^ , which we now 
prove. Let us fix cr £ Perm({2, ..., z + N'}). There is a unique linear map 

dt'P'+' : (^(xi,...,XpO®^+'^)[i,p'] - (^(xi,..., v+i)®^+'^)[i,p'+i], 
given by 

Q{xi,...,Xp') h^ ^ {-iy+^+'^Q{[xi,Xj],xi,...Xi...Xj...,Xp>+i) 

l<i<j<p' + l 

p' + l 

»=1 ce[^-i([2,zl)-il QeCT-i([2:z]) 

where /(") = 1®""! (g) / ® 1®^+^-". If we set ei = 0, e^+N+i = 1, and 

(18) £„ = 1 ^cr(a) e [2,z], ea = 0^cr(Q;) e z+ [l,iV], 
for q; G [2, z + iV], then this map is 

(19) Q(xi,...,Xp>) 1-^ ^ (-l)*+-'+^(3([a;i,a;j],a:;i...Xi...:Ej...,a;p/+i) 

l<i<'i<p' + l 

p' + l 

+ E E(^-'-)*^M*^"+l^(^l' •■•**•■•' ^P' + l)^i ~ <^aXi'Q{xi,...Xi...,Xpf + i)]. 

ae[l,z+N] i=l 

The map d^ '^ +^ then restricts to a linear map between the subspaces of totally antisym- 
metric tensor (under the actions of &p' on the left side and 6p'+i on the right side), which 
coincides with d^'^ +^. 

For e, e' G {0,1}, define the "elementary" complexes £* ^, as follows. We set £^ ^, := 

A{xi, ...,a;p/)j^^p,j, and define d^^f +^ : £^^^, -> S^^t^ by 

(20) {d(f+'E){xi,...,Xp,+i):= Y. (-'^y^'^'E{[x,,x,],Xi,...x,...Xj...,Xp,+i) 

l<i<j<p'+l 
p' + l p' + l 

+ e ^ {-iyxiE{xi, ...Xi...,Xp>+i) + e' E (^l)*^^-^('^i' ■■■Xi...,Xp^+i)xi. 

i=l i=l 

Lemma 4.5. For e,e' G {0, 1}, 5*^/ :— {£^^,,d^^f )p'>o is a complex. 

Proof. Note first that for any p' > 0, £^ ^, is 1-dimcnsional, spanned by epi{xi, ...,Xpi) :— 
T,aee^,<'^)^'r(i)-^'y(p')- 
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If is a Lie algebra, let [/(g)^^^/ be the universal enveloping algebra of g, equipped with the 
trivial g-module structure if (e, e') — (0,0), the left (resp., right) regular g-modulc structure 
if (e, e') — (1,0) (resp., (0,1)), and the adjoint g-niodule structure if (e,e') = (1,1). Let 
(C'f ^/ (g), d^ ^f (g)) be the cochain complex computing the cohomology of g in these modules. 
We have C^g,(g) = Hom(AP (g), t/(g)). There is a unique hnear map £\^, — * C^ fi{'!^, taking e^' 
to the composite map A*' (g) -^ g®^ -^ ^(o); where the last map is the product map, and one 

cv' '■^' cp' + i 

checks that the diagram | | commutes. Since C'*^,{q) is a complex, 

rf'''f'+'(fl) 

and there exists a Lie algebra g such that the morphisms £^ ^, -^ C^^,{q) are injective (for 
example, g is a free Lie algebra with countably many generators), £* ^, is also a complex. D 



Lemma 4.6. We have a isomorphism of complexes A% ~ £*^^® £*^ ^ (E) ... O ^eV „ i, where 
(e2,---,ez+Ar) is as in (18). 

Proof. The proof is parallel to that of Lemma 4.4. Let us set 



J\ . J\.^ [J\[X\., ...,Xpi ) -Ifl.p'l' "^ ■ W^\pli ■■■i^p' ) J[i,p']' 



if pi + ... +Pz+N =p', set 



andif U^t^P„ ^ [l,p'], set 

^Pi,...,p,+„ := «)^t^^(xi,...,a;pOPo- 
We have a decomposition 

We will define the support of an element x of A^ as the set of partitions (Pi, ..., P^+at) of 
[l,p'] such that the component X(^p-^ p^+n) i^ nonzero. We also have natural morphisms 
^Pi,...,p^+jv ^ '4*' , given by a; H^ (X^o-ee ^(''')''') *^i where * is the permutation action 

of &pi on xi, ...,a;p/. The direct sum of these morphisms gives rise to an isomorphism 

As the l.h.s. identifies with ®pi+...+p^+M=p'^o\ ® ■■■ ^^ £^^^" i, we obtain the identification 
A^ ~ ®^^^^£l g at the level of graded vector spaces. We now show that this identification 
is compatible with the differentials. 
The composite map 

where the last map is the projection along the components indexed by the other (non-consecutive) 
partitions, is the canonical inclusion map. It follows that the map {®a£e^ eq+i)^ ~^ i'^a^*^ e^+i)^ ^^ 
may be identified with the composite map 

' ^ , jp',p'+i ^ , 

®Z]aPo=P'-4pi.---,Pz + N — •^ ^^ A -^ A ^* ®2i;„Pc,=P' + l'4[l,Pl],...,Pl + ...+Pz + JV-l + [l,Pi + Jv]- 
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Let now Qa G ^^^"ec+i - -^(^i' •••' ^p')pi''+...+p„_i+[i,p„] and Q := ®aQa G \i,....p.+n- The 
image of this element in A^ is (X^o-ee ^i^)'^) * Q- The summand e{a)a * Q belongs to 

-4p-,...,P"- , where P^ := cr(pi + ... +Pa-i + [l,Pa]). 



z + Af 



V+1 



Decompose rfg '^ +i : ^p ^ ^^ +i as a sum d^ -^ +i = Ei<.<,<p'+i rf^-'+Er=i Eoe[i,.+Ar] d"- 
If U„P„ = [l,p'], then d*J'(ipi.....pJ C ip„- p.. and d*"(ipi....,P,+„) C ^p.= p.c , 
where 

• (P;^ ..., P,%) is given by P^ := [(P„ n [2, z]) - 1] U (P„ n [z + 1, j - 1]) U [(P„ n [j^p']) + 1] 
if 1 ^ Pq, and the union of the same set with {i, j} if 1 S Pq; 

• (Pi*", ..., PIXn) is given by P^" = (P^ H [1, i - 1]) U [(P^ n [i,p']) + 1] if 7 ^ a, and the union 
of the same set with \i\ if 7 = a. 

Note that the sequences (iPi"*!, ..., \Pl\jq\) and (|Pi"|, .-., IPJ+tvI) are necessarily of the form 
(pj, ...,pf_,_^) := (pi + (5i/3, ...,_p^+Ar + (5^+Ar,/3), where /? e [l,z + Af] is the index such that 1 G Pa 
in the first case, and a in the second case. Then: 

(a) for any z,j (1 < i < j < p' + 1) and any /3 £ [l,z + N], (Pi-*, ..., P^-^^) coincides 
with ([l,p^],...,p^ + ... +pf+Ar_i + [l,pf+Ar]) if Pa = 1 +pi + ... + Pa-1 + [l,]5a] for a < /3, 
Pf3 = (1+pi + ...+P/3-1 + [l,pf3 - 1])U{1}, and Pa =Pi + ...+Pa-i + [l,Pa] for /3 > a, and 
i,j e pi + ... +P/3-1 + [l,V(i + 1]; 

(b) for iG [l,p' + l] and aG [l,z + iV], (P^*", ..., P^*^^) coincides with ([l,pf], ...,p? + ... + 
P"+7V-i + [1'P"+n]) if -Pa =pi + ...+p«-i + [l,Pa] for any a and i G pi + ... +Pa-i + [l,_Pa+i]. 

If i,j are such that 1 < i < j < p' + 1, then the condition on cr G &p-i,...,p^^,^ for the 
support (P'^ (e((T)(T * Q) to consist in a consecutive partition of [1, p' + 1] is therefore: there exists 
(3 G [1, Z + 7V] such that i, j G pi + ... +p/3_i + [l,p/3 + 1], and a is the shuffle permutation taking 
[l,Pi],Pi + [1,J32], •••,Pi + ••• +Pz+N-i + [^,Pz+n] to the partition described in (a) above. 

If z G [i,p' + 1] and Of G [l,z + N], then the condition on cr G 6pi,....p^+jv for the support 
of (i'"(e(cr)(T * Q) to consist in a consecutive partition of [l,p' + 1] is therefore: cr = id and 

Z G Pl + ... +Pa-1 + [l,_Pa + 1]. 

In the first case, we have e(cr) = (-1)pi+---+P3-i and7rod*J(Q) = Qi<»...<»(tp{Qi3)<^.-.<»Qz+N; 
in the second case, n o d^l^{Q) is {-l)P^+---+Pf-^Qi » ... O dl^^efi+iiQls) «> ••■ <» Q^+w- Here 
d%',e^tl ■ ■^{xi,---,Xp')p,+...+pf,_,+ii,pf,] -^ A{xi,...,Xp>+i)p^+,„+p^_^+ii^p^^^] is decomposed as 

JPI3,PI3+1 _ Y^ 3'J , ^p Jl 

"'<^I3,<^I3+1 Z^pi + ...+p3_i + l<i<j<pi+...+p^ + l "/3 ^ Z^iepi + ...+p^_i + [l,P/3 + ll "e^.e^+i- 

Then 

^+Af 

TT o JP''P'+1 o can(Q) - ^ (-l)Pi+-+P^-iQi ® ... ® d%f;^,\Qp) ® ... ® Q,+w, 

/3=1 

which proves our claim. D 

Proposition 4.1. T/ie complexes £* i and £* q are acyclic; moreover, for e G {0, 1}, H^ (f *g) 
is zero for any p' ^ Q and k for p' = 0. 

Proof. If zii, ..., zi„ are free variables, let k = ^<o(zii, ..., zz„) C ... C ^<i(ui, ...,zt„) C ... C 
A{ui, ..., zi„) be the increasing PBW filtration of yl(Mi, ..., zi„), induced by its identification with 
C/(£(zii, ...,u„)). The symmetrization isomorphism ^(zzi, ..., zi„) ~ S{C{ui, ...,Un)) identifies 
A<i{ui, ...,Un) with (Bi'<iS^ {C{ui, ...,Un)). The graded space associated to this filtration is 
the free Poisson algebra P(ui, ...,Un) = S{C{ui, ...,zz„)); its degree z part is P[z](ui, ...,zi„) = 
S''(£(zii,...,zi„)). 
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Define a filtration on £* ^, by Fu{£^ ^i) '■= A<u{xi^ ...^Xpi),^^ ,, for u > 0. If E{xi, ...,Xpi) G 
A<uixi, ...,Xp>)[ip,], then: E{[xi,Xj],xi, ...Xi...Xj...,Xp>+i) G A<u{xi, •••, a;p'+i)[i^p/+i]; 

XiE{xi, ...Xi...,Xp>+i),E{xi, ...Xi...,Xp>+i)xi e A<u+iixi, ...,a;p'+i)[i,p/+i], 

while [xi, E{xi, ...Xi..., Xp/^i)] G A<u{xi, ■■■iXpi+i)[i^p/-^i]. It follows that for e G {0, 1}, we have 

while for e ^ e' in {0, 1}, 

</+'(F„(<,))cF„+i(£:f;ti). 

The associated graded complex is P'^i, where 

(21) ^f',, -^(2;i,...,v)^:,;'] -®«>o^M(2;i,-,v)^:pr 

with differential 

given by 

{grdP'/+'^P)(xi, ...,Xp,+i) := Y^ {-iy+^+'^P({x^,Xj},xi,...Xi...Xj...,Xp,+i) 

l<i<j<p' + l 

p' + l 

+ e ^ {-iy{xi, P{xi, ...Xi...,Xp'+i)} 



for eG {0,1}, 



p'+i 
(grdgf +^P)(a;i,...,a;p/+i) ■- ^ (-l)'+^a;iP(a;i, ...Xj..., Xpz+i), 



and grd^g^ = — grdgj^ (when e' = e, the commutators give rise to brackets in the 
associated graded differential, while if e 7^ e', the only part of the differential with nontrivial 
contribution to the associated graded differential is the second line of (20)). The differentials 
gxdP^f +1 }iave degree 0, and the differentials grd^^f have degree 1 (if e' ^ e) with respect 
to the N-grading on P\^t induced by (21). We therefore have direct sum decompositions 

P% = ®u&P'M. P%j = ®u&(Pl,,'{u\ (if eV e), 

where for any e,e', we set 7'fg,[u] :— P\u\(x\, ..., Xp'),^"',, and P\^,{u\ — P\^,\u + p']. 

Lemma 4.7. For n,u > 0, P"^i[u\ have the following values: 

• if n — 2m, P'^^,[m] is 1- dimensional, spanned by 

P2m{xi,...,X2m) ■■= ^ f-{<y){Xa(l) , X„^2)} ■■■{x„(2m-l), X„(2m)} 

o£&2,.-.,2 

and P^^[u] = for u ^ m; 

• if n — 2m + 1, P/^i^ [m + 1] is 1- dimensional, spanned by 



P2m+l{xi,...,X2,n+l) ■= 2^ <^i'^)Xa(l){Xcr(2) , X^i^s)} . ..{Xcr{2m) , Xcr{2m+1)} , 

""£©1,2,... ,2 

and P^2"+^ [u]^0 foru^m+1. 
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Proof of Lemma. As the category of 6„-inodules is semisimple, the (3„-modules A{xi, ..., a;„)[i „i 
and V{xi, ..., a;„)[i „] are equivalent. It fohows that P{xi, ..., a;„)^" , is 1-dimensionaL Since this 

space is equal to (Su>a'P[u\{xi, ...,a;„)rj^"^, , it follows that exactly one of these summands is 1- 
dimcnsional, and the others are zero. It then remains to prove that p„ e ^I^e'IK'^ + l)/2]] ^^nd 
p„ 7^ 0, where [x] is the integral part of x. 

If n = 2to, we have p2m{xi, ...,X2m) = 2~™ X^trsea™ ^('^){^'^(i)'^'^(2)}---{^o-(2m-i), a::<7(2m)}, 
so p2m is 6„-antiinvariant; so p2m G V'^™[m]; and if T is the set of cr G 62m, such that 
(j(l) < ct(3) < ... < cr(2m- 1) and a{2i + l) < cr(2i + 2) for i = 0, ...,in- 1 (this identifies with 
the set of partitions of [1, 2m\ in subsets of cardinality 2, modulo permutation of the subsets), we 
ha,vep2m{xi,...,X2m) = mlJ2a£r^i'^){^cr(i),x^(2)}--{xa{2m-i),Xcy(2m)}i and as the summands 
in this expression are linearly independant, p2m ^ 0. 

If n = 2m + 1, we have similarly 

P2m+l(a:i, •••,a;2m+l) =2"™ 2_^ e(o')2;cr(l){2^CT(2), a:^CT(3)}---{2^CT(2m), 2^CT(2m+l)}, 

which implies that P2m+i is ©n-antiinvariant, and 

P2m+l(a;i, ■■■,X2rn+l) = m! ^ <^{<y)Xa(l){Xa(2) , X„(^3)} ■■■{Xa(2m) , X„(2ni+1)} , 

where F is the set of permutations a G ©„ such that a{2) < a{4) < ... < a{2m) and a{2i) < 
(j{2i + 1) for i — l,...,?7i, which implies that p2m+i is nonzero, as the summands in this 
expression are linearly independent. D 

End of proof of Proposition 4-1- For m G Z, the complex "P* i{u} is ^ Vq ^[u] -^ T^o i[w + 

1] -^ For u > 0, the groups of this complex are all zero, so P' i{u} is acyclic. For u < 0, 

this complex is ^ ... ^ ^ ^o.TH ^ ^o.T^^I^ + 1] ^ ^ ..., where m = ~u. The 
nontrivial map in this complex is p2m '-^ g^'^^o™ ™ {P2m) — P2m+i, which is an isomorphism, 
so V* i{u} is acyclic. It follows that V* i is acyclic. As the differential of V'q is the negative 
of that of "P*,!, P'.o is acyclic as well. 

Let e G {6, 1} and m G N. The complex "P* Ju] is ^ 7'°,M -^ Vl^[u] -^ ...; Hi = u, this 
complex isO^k^O^O^..., whose cohomology is 1-dimensional, concentrated in degree 
0; if u > 0, this complex is ^ ... ^ ^ ^f "^^["1 "* ^,?eM — > ^ 0...; the nontrivial map 
in this complex is P2u-i '-^ gi'rfe"^^'^"(p2M-i) — up2u if e = and —up2u if e = 1. As this is an 
isomorphism in both cases, VlJiu] is acyclic for u > 0. It follows that the cohomology of P*^ 
is 1-dimcnsional, concentrated in degree 0. 

This implies that 5*^, is acyclic for e 7^ e', and that the cohomology of £1 ^ is concentrated 
in degree 0. As dP^'l — 0, we have in degree 0, H'^{£* ^) — £^J ^ ~ k. D 

Remark 4. If g is a Lie algebra, we have natural maps 

(22) H'(£l,,)^H'{g,U(gUe,). 

When (e, e') — (0, 1) and g is finite dimensional, then H"{q, U{g)o,i) = k if n = dimg, and = 
otherwise. Indeed, if C"(0) := A"(fl) ® t/(g), then the differential 4'"+^ : C"(0) -^ C"+i(0) is 
given hy uj iE> X 1-^ 5{uj) (^ x + J2a=i^i^ ^ ^") ^ i^ax), where (e")a, {ea)a are dual bases of g* 
and g and S : A"(g*) -^ A"+^(0*) is induced by the Lie coalgebra structure of g* . For i G Z, 
set Fi{C'^{g)) :— A"(0*) ® U{g)<n+i (where the last term is the subspace of elements of degree 
< n + i for the PBW filtration). Then d"'"+i(F,(C"(fl))) C F,(C"+i(fl)), so ... C F,(C"(fl)) C 
... C C"(g) is a complete filtration of C"'{g). The associated graded complex is C"{g) :~ 
A"(0*) (g) S{g), with differential J"^"+i : ^"(fl) -^ C'"+i(0), to ® x ^ J2a=i^i^ ^ e") (e^^x). 
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This complex only depends on the vector space structure of q; if we denote it by C*{g), then 
we have an isomorphism C"(fli ® 52) ^ C*{0i) ^ C*{q2), so C'{q) ~ C"(k)®'^™s. As the 
cohomology of C*(k) is 1-dimensional, concentrated in degree 1, the cohomology of C'{q) is 
1-dimcnsional, concentrated in degree dimg. It follows that C'{g) is acyclic in every degree 
^ dimg, and its cohomology in degree dimg has dimension < 1. If a> G A'^""^(g) is nonzero, 
then oj eg) 1 e ^"(g) is a nontrivial cocycle, so the cohomology of C*(g) coincides with that of 
C"(g). As f7(g)i,o ^ C^(0)o,i (using the antipode), we have H'{g, C/(g)i,o) - H'{q, C/(g)oa). 

When e ^ e', (22) is the zero map. If e = e', then the map k = iJ"(£'' J -> H"{3, C/(g),,,) 
takes 1 to the class of 1 e U{Q)e,e (which is invariant, both under the trivial and the adjoint 
actions of g on U{g)). D 

End of proof of Theorem 4-1- One of the pairs (0, 62), (e2, €3), ..., (cz+at, 1) necessarily co- 
incides with (0, 1); call it (ei,ei+i). According to Proposition 4.1, the corresponding complex 
£*. g is then acyclic. Lemma 4.6 and the Kiinneth formula then imply that A^ is acyclic. This 
being valid for any a, the decomposition (17) then implies that Al j^ i is acyclic, as claimed. 

n 

5. Compatibility of quantization functors with twists 

We first prove the compatibility of quantization functors of quasi-Lie bialgebras with twists 
of quasi-Lie bialgebras; we derive from there the compatibility of quantization functors of Lie 
bialgebras with twists of Lie bialgebra (a result which was obtained in [EH] in the case of 
Etingof-Kazhdan quantization functors) . 

5.1. Twists of quasi-Lie bialgebras. Let QLBAj be the prop with the same generators as 
QLBA with the additional / G QLBAy(A^, id) and the same relations. This prop is N-graded, 
if we extend the degree deg^ -I- deg^ in QLBA by |/| = 1. 

We then have QLBA^(A:, Y) ^ QLBA(5(a2) X, Y). The filtration of QLBA^ induced by 
the degree is such that 

QLBAj"(X, Y) ^ ©fe>o QLBA^"-'=(5'=(a2) ® X, Y). 

It follows that QLBAf{X,Y) C QLBAj''f^^^^'^^^\x,Y), where Vf{\X\,\Y\) = inf{w(|A:| + 
2k,\Y\) + k,k>0} andw(|A:|,|r|) = i||X| - |y||. Asvf{\Xl\Y\) >v{\X\,\Y\), QLBAj gives 
rise to a topological prop QLBAj . 

We have two prop morphisms Ki : QLBA -^ QLBAj, defined by 

Ki : ii,5,ip^ A^,<5, </?, 

K2: ^Ji^^ ^i,5 ^^ 5 + Alt2 o(idid ®^Ji) o (/ idid), 

ip^ip+- Altg o[{5 ® idid) o / + (idid ^M ® idid) o (/ ® /)]; 

this is the universal version of the operation of twisting of a quasi-Lie bialgebra structure. The 
prop morphisms Ki extend to topological props. 

Let {m, A, $, e, 77) be a QSB in QLBA (i.e., a quantization functor of quasi-Lie bialgebras). 
For i = 1,2, set (m^, A^, $i, ry^, 77^) := ^^(m. A, <&, e,??). Then (m^, A^, <i>j, e^, 77^) are QSQB's in 
QLBA^. 

Proposition 5.1. The QSQB's {nii, Ai,^i,ei,rii) are related by equivalence and twist, i.e., 
there exists F G QLBA^.(1, S'^'^) and i G QLBAy.(5', 5") such that (e (g) ids) o F = (id^ (g)e) o 
F ^ rj, F = inJQ and i — ids rnod QLBAt , such that (?Ti2, A2, <I'2, £2, ^72) = i* {F -k 
(mi, Ai, $1,61,771)}. 
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This implies that the quantization functors of quasi-Lie bialgebras take a pair of quasi-Lie 
bialgebras related by a classical twist to a pair of quasi-Hopf QUE algebras related by a quantum 
twist. 

Proof. As {fj,,6,(p) defines a quasi-Lie bialgebra structure on id on QLBAy, we have [fi © 
S (B (p,n(B 6 (B if] =0 (in Cqlba, ), so the bracket with ^ (B S (B f defines a complex structure 
on Cqlba • This gives rise to cohomology groups Hqi^^a ' which are graded by the grading of 
QLBA^. 

Lemma 5.1. The canonical maps ii^QLBA ^ -^lba '^''^ isomorphisms. 



Proof of Lemma. As before, we will show that the relative complex is acyclic. This relative 
complex is filtered by the powers of the ideal {(p)f of QLBAf . The associated graded prop of 
QLBAy w.r.t. this filtration is LBA„j defined by LBAaj{X,Y) = LBAa{S{A'^) (g) X,Y) = 
Coker[LBA(5'(A2) ® SiA^) ® A* ® A:,y) -^ LBA(S'(a2) ® S{A^) ® X,Y)], induced by the 
morphism SIa'^) ® 5'(A^) -^ S{a'^) (g) S{A^) (g) A^, tensor product with ids(/^2) of S'(A^) -^ 

[Alt4o((5(giid®^)](giid„, 3% 

S'(a3)®2 ^ A^(g) S{A^) A A^ (g) S{A^) (the first morphism is the coproduct in 

S, the second morphism is the projection S{A^) -^ A^). The associated graded complex of the 
relative complex is the positive degree part of Clba^, ,, w.r.t. the degree on LBA^j induced 
by the filtration, i.e., for k > 0, the degree k part of hBAa.f{X,Y) is Coker[LBA(5'(A^) 
S"=-1(a3) ® a" (g) X, y) ^ LBA(5'(a2) (g) S"=(a3) (g X, Y)]; by convention ^-^(A^) = 0. 

For fc > 0, the degree k part of the associated graded complex has the form C'qlba i^l ~ 

Coker[LBA(5'(A2)®5"=-i(A^)(gA%AP+i,A9+i)^LBA(5(A2)®5"=(A3)(gAP+i,A9+i)] {p,q> 
~1), equipped with the differential [^i ® 6, -]. For k > 0, both S'(A^) (g 5'''"^(A^) ® A'' and 
5'(A^) (g) S''{A^) are sums of Schur functors of positive degrees, so Theorem 4.1 imphes that 
the lines of Cq^ba {^} ^^'^ acyclic, so for each A: > 0, this complex is acyclic. So the relative 
complex Ker(CQLBA^ —> Clba) is acychc. D 

End of proof of Proposition 5.1. Recall that we have a prop morphism -k : QLBA -^ LB A 
defined by tt : /i, 5, (^9 h^ /i, (5, 0. We also have a prop morphism tt/ : QLBAr -^ LBA, defined by 
TTj : /i, (5, (p, f H^ /i, 5, 0, 0. These morphisms extend to topological props and satisfy -n f o ki = n 
for i== 1,2. 

Then TTf(mi, A^, $i, e^, ry^) = TTfOKi{m, A, $, e, ry) = 7r(m, A, $, e, 77) for i = 1,2. The classical 
limits of (rrii, Ai, <i>i, Ei, 77i) are {ii,5,Z) for i = 1,2 (as the additional terms Alt2 o(idid g)/i) o 
(/ ® idid), \ Alts o[(^ ® idid) o / + (idid giM ® idid) o (/ g> /)] have degree > 1). 

As in the proof of Theorem 2.1 (Subsection 2.5), Lemma 5.1 implies that two QSQB's in 
QLBAf with the same image in LBA and the same classical limit are related by twist and 
equivalence. It follows that (rrii, A^, $i, e^, 77^) {i — 1,2) are related by twist and equivalence. 

D 

5.2. Twists of Lie bialgebras. In [EH], we introduced the prop LBA/ of Lie bialgebras with 
a twist; its generators are n,S,f G LBA/(1,A^) and its relations as the same as the relations 
of LBA, together with Alts o[(<5 g) idid) o .f + (idid g)/^ ® idid) ° {f ® /)] = 0. We defined prop 
morphisms k^ : LBA -^ LBAj by ki : ii,5 i—> ii,S and K2 : fJ.,d t-^ ^,S + Alt2 o(idid <E)n) o (/ g) 
idid)- 

Let (too, Aq, eo, ?7o) be a QSB in LBA, quantizing {ii,S) (i.e., a quantization functor of Lie 
bialgebras). Set (m°, A°, e°, 77°) := k°(too, Aq, eo,?7o). These are QSB's in LBA/. 

Proposition 5.2. The QSB's (rri^, A^, e", ry") are related by a and equivalence and a bialgebra 
twist. More explicitly, there exists Fq £ LBA/(1,S'®^) audio G LBA/(S', S*), whose reduction 
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mod LBAt is injf and ids, such that (eo ® ids) ° Fq ~ (ids ®eo) o -Fo = lo, [vo ® Fq] * 

[(ids®Ao)oFo] = [Fo®r;o]*[(Ao<»ids)oFo], anrf (m^, A^, £0,77°) - io*K, Fo^A^fg-i, e?,???). 

Proof. There are uniquely defined prop morphisms iTf : QLBAr -^ LB A/ and tt? : LB Ay -^ 
LBA, such that %f : n,S,ip, f ^^ fi,S,0, f and tt? : fi,S, f h^ fi,S,0. We then have idLBA — ^-^ '^ ■^^ 



for i = 1, 2, K^oTT = TTfOKi, TTf — Tr'j-oTTf. All the information on compositions can be summarized 



in the commutative diagram 

QLBA ^ QLBAy \-^f 
i^ i*/ LBA 



LBA -^ LBA/ /tt" 



together with the relations tt = Try okj^ 2, idLBA — tt^okJ 2- These morphisms induce morphisms 
between completed props. 

According to Theorem 2.1, we may lift {mo, Aq, eoi Vo) to a QSQB {m, A, $, e, r;) in QLBA 
with classical limit (/i, (5, </?); this means that Tr(m, A, $, e, rj) = {mo, Aq, 77® , eo, rjo). Set 

(mi, Ai, $j, Ej, ?7j) := Ki(m, A, $, e, 77), 

then 7r(?7ij, A^, $i, ei, ?7j) = (?ti°, A°, ryf ^, e^, rji). 

Let then i,F be as in Proposition 5.1. Let jq '■— ^/(*)7 -fo := ^f{F)- As F is a twist relating 
$1 and i^^ * $2, and as the images of <&i,i^^($2) under nj are rjf^, Fq is a twist relating 77^^ 
with itself, i.e., it satisfies the announced cocycle relation. The image under ftf of the statement 
that the {mi,Ai,^i,ei,r]i) are related by {i,F) is then that the (?7i°, A°, e°, 77°) are related by 

{io,Fo). a 

Appendix A. Structure of the prop LBA 

The following structure theorem of the prop LBA was proved in [E, Pos]. We reformulate 
here this proof using the language of props. In [EH], we derived Proposition 3.1 from Theorem 
A.l below. 

Theorem A.l. IfF, G G Ob(Sch), then the map ©ZGirr(Sch) LCA(F, Z)®Lk{Z, G) -^ LBA(F, G) 
induced by composition and the prop morphisms LCA — > LA, LBA -^ LA is a linear isomor- 
phism. 

Proof. It suffices to prove this when F,G G Irr(Sch), and then (using the action of (3„, &m) 
for F — Tn, G — Tm- Using the cocycle relation, and the isomorphism of the l.h.s. with 
0^>o(LCA(T„,r2) (g) \jA{Tz,Tm))e^^ one proves that the morphism is surjective. We now 
prove that it is injective. We have 

LBA(T„,r„) = ®a^fc>o|a-t=n-mLBA(r„,T„)[a, 6] = ©2>min(n,m)LBA(T„,r„)[z -777, Z- 77], 

and the morphism is the direct of over z > min(7i, 777) of the maps ©ZfEirr(Sch) \\z\=z LCA(T„, Z)(E) 

LA(Z, Tm) — > LBA(r„, Tm)[z — m,z — n\. It remains to show that each of the maps is injective. 

There is a unique morphism LBA -^ _L(LCA) (the generators of LBA are /i, S, the generator 

of LCA is iJlca), taking /i to fi/ree ■ F®'^ -^ L and S to the unique Sfree ■ L -^ L®"^ , such that 

id ^ i ^^A" F»2 jg j^^^ . id 5lca .^552 ^ ^«2 ^^^ ^ „ ^^^^^ ^ ((^^^^^ ^ j^l) o (idi ®Pl,l) + 
idL <S)^J.free) ° {Sfree ® id/,) + {p.free ® id^ +(idL (^Hfree) O {Pl,L ® idL)) O (idi ®l5/ree)- The prOp 

LCA is Z-graded, with deg(5LCA = 1, then the morphism LBA -^ L(LCA) is compatible with 
the morphism Z^ -^ Z, (1, 0) 1-^ 0, (0, 1) ^ 1. 

We then have maps LBA(T„,T„) -^ L(LCA)(r„, T^) = LCA(L®",L®") ^ LCA(T„,F®"), 
where the last map is induced by id — > L, which restrict to LBA(r„,Tm)[z — m, z — n] —^ 
LCA{Tn,L'^"')[z - 77] = LCA(T„,(F®'")2), where the index z denotes the (Schur functor) 
degree z part. 
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Lemma A.l. If X is any prop and F G Ob(Sch), we have an isomorphism X{F, {L®™')z) — 

®ZGlrr(Sch),lZ|=.^(^, Z) ® LA(Z, T^) . 

Proof of Lemma. We have isomorphisms LA(T2, id) ~ m.ultilinear part of the free Lie algebra 
in z ordered generators 2± '^c\v{Tz,Lz). So if \Z\ = z, LA(Z, id) ~ Sch(Z, L^), which may be 
expressed as L^ — ®\z\=z LA(Z, id) ® Z. 

So 

X{F, (L^"),) = ©,,+...+,„=,A(^, ®IliL..) 
= ®\z,\+...+\z^\=.X{F,®T=iZi) ® (®IliLA(Z„id)) 
= ®\z,\+...+\z^\=z,\z\=zX{F, Z) ® Sch(Z, ®T=lZ^) ® (»™ 1 LA(Z„ id)) 
= ©|2|^,A(^,Z)®LA(Z,T„), 

where the last equahty follows from LA(Z, T^) = ©^i z„eirr(Sch) | X] l^i|=2 ^*^^(^' '^*^*) ® 

(g)iLA(Zi,id), for Zg Ob(Sch) (see [EH]). ' '" ' ' D 

End of proof of Theorem. We have constructed a map LBA(T„,Tm)[z — m,z — n] -^ 
ffizGirr(Sch).|z|=z LCA(T„, Z) ® LA(Z, Tm), and one proves that is a section of the morphism 
©zeirr(Sch)||z|=zLCA(T„,Z) ® LA(Z, Tm) ^ LBA(r„,i;„)[z - to, z - n], which is therefore 
injective. D 
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